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Modeling Motion using Video Analysis
In this module, we will study motion through the use of video analysis. You will use
video analysis to develop the mathematical models that physicists use to describe and
predict motion. We’ll develop a toolbox of ways to analyze the motion of an object,
including graphs, vector diagram, and equations. Your final project will be to do a full
video analysis of the motion of an object of your choosing.

PHYSICS CONTENT
• Position, Velocity, & Acceleration
• Graphing Motion
• Vectors
• Kinematics in 1-D & 2-D
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Reading: Introduction to Video Analysis
Video analysis is a popular technique for athletes to evaluate and improve their
performance. Many companies specialize in making video recordings of a golf swing or tennis
serve, and then use the information from the video to coach the athletes (see Figure 1). Video
analysis is also a powerful research tool used by scientists interested in biomechanics and sports
science.
For example, a study by Davis and
colleagues (2009) recorded 159 youth
pitchers in an attempt to correlate aspects
of their pitching motion with rates of
injury. To perform this study, the young
pitchers were fitted with reflective markers
on 34 “anatomical landmarks” and filmed
with eight 240 Hz video cameras. (That
means the camera takes 240 still shots per
second, which makes a high speed video.)
This allowed the researchers to track the
position of those 34 body parts during each
pitcher’s motion. The pitchers were
Figure 1: An example of a commercially available video
analysis software tool used to analyze a golf swing.
classified by whether they pitched correctly
(Image credit: Mathew Paget)
according to several biomechanical
parameters (i.e. did they “lead with hips”). The researchers were then able to correlate certain
body positions with rates of injury and the quality of the pitches.
Motion capture technology uses similar techniques to track the positions of actor’s body
parts to create digital animations for video games or movies (see Figure 2).

Figure 2: Motion capture is used to create
animations for video games and movies.
(Image credit: UC-Berkeley)
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The final project for this unit will be for you
to complete a video analysis of a motion of your
choosing. You could study an object, such as a
basketball or a remote control helicopter, or the
motion of the human body. To complete this
analysis, we will need to learn about how to
carefully describe the motion of an object. When
physicists describe the motion of an object, they
want to be as precise as possible. To do this,
physicists have developed a mathematical way to
represent where an object is (position), how it is
moving (velocity) and how its motion is changing
(acceleration).
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We will learn how to analyze video to record the position of one or more objects at a
series of times. We can then use that data to create graphs, which are an important technique that
physicists use to represent motion. We will also explore how the changes in the position of an
object is related to its velocity and acceleration. Finally, we will use the graphs to build
mathematical models that describe the motion of objects. To a physicist, a mathematical model
(i.e. an equation) is the gold standard. It represents not only a precise way of describing a system,
it also enables predictions about how the system will behave in the future.
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Video Analysis 1: Position & Displacement
Driving Question
How can we use video analysis to quantitatively describe the position of an object over time?
Procedure
1. Take the video. Shoot a video of something moving in a straight line with your phone, ipad,
or other device. If no one in your group has a device that can take videos, you can borrow
one of our video cameras.
2. Email video to yourself. You need to have the video on a computer in the lab. To speed up
this process, make sure that you are on the school’s wireless network. Please don’t use all of
your data sending large files to yourself!
3. Make sure it is the right type of video file. The Capstone software can read videos in the
formats: .3gp/.avi/.mov/.mp4/.m4v.
4. Open Capstone.
a. From the right hand side, drag the “Movie” icon into the workspace.
b. Click on “Open movie file” and select the movie you want to import.
c. If you can hear the movie, but not see anything, you probably need to use Movie
Maker to save it in a different format.
5. Play around with your video. Try watching it in slow motion. Enter video analysis mode by
clicking on the icon that looks like blue bubbles.1 Play around with the tracking features.
6. Choose one object in your video to track. Click through the relevant part of the video to
track the motion of this object. You do not have to track it for the entire video, only the part
that is interesting. This should probably only be a few seconds of video.
7. You’ve made a motion diagram! The marks that you have made on the video are
essentially a dot diagram (or motion diagram). Are the marks representing the position
getting closer together or farther apart as time goes forward? What does this tell you about
the motion of the tracked object?

8. Create a position vs. time graph.

1

•

Draw a prediction for what you think a graph of position vs. time should look like for
your object.

•

To make the graph, we want to construct a table of positions and the corresponding times.
Create an empty table by dragging the table icon from the right into the center area. Then

Consult Pasco’s “How to do Video Analysis” document for more details.
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use the ruler tool to measure the position of your tracked object on each consecutive
frame and put it in the table. To do this, you will have to choose an origin.
•

In another column of your table input the time associated with each position (dependent
on the frame rate of the video, usually 1/30 second)

•

Drag a graph into the active area.

•

Choose the table columns you have created for the horizontal and vertical axes.

•

What is the net displacement of your object over the whole time you were tracking it?
How can you get this information from the graph?

9. Save your file. We will be using it again next time. Also email the file to the instructor.
Make sure to include the names of all of your group members in the email.
Questions
1. How did you decide what part of the object to track? Why is it important to be consistent
about which part of the object you are tracking?

2. What is the difference between position and displacement? How would you represent these
vectors differently on your motion (dot) diagram?

3. How can we use the video to generate a different representation of the motion?

4. How did you decide where to set the origin when you measure the position of the object?
Does it matter where you set the origin?

5. What can you learn about the motion of your object using video analysis?

Video Analysis: Student Reader

7

6. What are the limitations to this analysis?

7. We will be doing video analysis again next time. What lessons did you learn about recording
a video that you can use to make a better video in the future?

8. What else do you need to know to use the video analysis tools?
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Reading: Position & Displacement
To begin our study of motion, we need to define position, where an object is at a given
point in time. In our three-dimensional world, that means we need to say where we are along
three different axes. Think about your location in the room where you are sitting. You are some
distance away from the wall in front of you, some distance away from the wall to your right, and
some distance above the floor. Three dimensions can quickly get tricky, so we are going to start
by studying motion that moves in a straight line, which is considered one-dimensional motion.
If I put a dot on the paper here, how would you measure its position?
Some of you might say that it is 1.5 inches from the right edge of the paper. Some of you might
say that it is 7 inches from the left edge of the paper. These descriptions are both correct, even
though they are not the same. What is similar about the two descriptions? Both descriptions are
made by measuring the distance from a reference point, one of the edges of the paper. Before we
can write the position of an object, we first have to choose a reference point, often called an
origin. So, let’s choose our origin to be the point shown below, marked with an O.

• O
Now you can measure that my dot is four inches from the origin. The second thing I want
you to notice is that you have used a particular unit of measure to define how far the point is
from the origin. Without units, the answer is meaningless. If I just say the dot is four from the
origin, we don’t know if that is four inches or four miles. Likely, you intuitively added units to
your answer, but in physics, we don’t like using units like inches or miles (known as the English
system). We prefer to use the SI (from the French Système International) or metric system,
which means for position you would measure in meters. You can again measure the distance of
the dot from the origin, and get 11 centimeters, which we can convert to meters because we
know that there are 100 cm in one meter. So, now an answer to the original question is that the
dot is 0.11 m from the origin.
But wait! We are not quite done. We want to know precisely where the dot is. The above
statement that the dot is 0.11 m from the origin doesn’t tell me if it is left, right, above, below, to
the south east of the origin, etc. We could say that the dot is to the right of the origin, but
physicist prefer mathematical descriptions. So we need to not only have an origin, but also a
coordinate system, which defines one direction to be positive and the opposite to be negative
(for one-dimensional motion). We typically represent this by drawing a little arrow in the
positive direction, as shown below.

•
Finally, the physicist’s answer to the original question is that the position of the blue dot
is +0.11 m to the right of the origin, or in mathematical terms 𝑥⃗ = +0.11m. Where the x with the
arrow on the top is what we call the position vector. The position vector tells us exactly where
the dot is in space, including the direction relative to the origin. Another way we can represent
the position vector is by drawing an arrow from the origin all the way over to the dot, as shown
below.
𝑥⃗

•
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In general, any quantity in physics that has both a magnitude (numerical value) and a
direction is called a vector. We’ll see many vectors in this first unit: position, displacement,
velocity, and acceleration. This is different from what we call a scalar quantity, a parameter that
just has a numerical value, and no direction. Examples of scalars include time, temperature, and
energy.
Position tells us where an object is relative to an origin. Often in physics we also want to
describe how the object’s position changes over time. The change in position is called the
displacement, and is represented by the following symbol: Δ𝑥⃗. The triangle is the Greek letter
delta, which in science represents a change. A change is defined as the final value of a quantity,
minus the initial value. For example, a change in temperature would be: Δ𝑇 = 𝑇𝑓 − 𝑇𝑖 . (Where
the subscripts f and i, denote the final and initial values, respectively.) Temperature is an
example of a scalar quantity, it doesn’t have a direction associated with it. When we want to find
the change in a vector quantity, it is easy to get mixed up with the positives and negatives. Here
we introduce a different way to think about displacement as a change vector.
Instead of thinking about the change in position as final position subtracted from initial
position, let’s rearrange it as a sum:
Δ𝑥⃑ = 𝑥⃑𝑓 − 𝑥⃑𝑖
𝑥⃑𝑓 = 𝑥⃑𝑖 + Δ𝑥⃑
Now it reads more logically, the final position is the initial position plus some change in position
(which is the displacement). We can represent this using a visual representation called a vector
diagram, as shown below. Imagine you start a given distance from your origin, say you are
sitting on the end of the bed, two meters from the door in your room. Then you change your
position by moving to the other end of your bed. That distance you moved across the bed is your
displacement. Now your final position relative to the door is three meters.

𝑥⃑𝑖
Origin

Δ𝑥⃑⬚
𝑥⃑𝑓

One important thing to notice about displacement is that it doesn’t depend on your choice
of origin. The change in position is the same, whether it is measured relative to the door, or the
end of the bed, or the window. You still moved the same distance across your bed. This is a
major difference between position and displacement. Both are measured in meters, both are
vectors, but only position depends on the location of the origin.
By now you may be wondering what this has to do with the video analysis project. How
will we use videos to document how position changes over time? A video is a series of still
images that our eye processes as a smooth motion. A typical cell phone camera records 30
frames per second. This means it is taking a still image every 1/30th of a second. (The camera
used in the study mentioned above recorded at a rate of 240 frames per second!) If we look at
each of these still images, we can mark where an object is in each frame. For example, look at
the photograph below. By tracking the ball, we make the representation on the right, which we
call a motion diagram or dot diagram. If we measure the position of the ball relative to the left
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side of the photograph, we can draw a series of arrows that represent the position of the ball at
each time. Beneath the motion diagram are the position vectors, which you can see are changing
over time as the girl throws the ball.

𝑥⃑1

𝑥⃑2

𝑥⃑3
𝑥⃑4

Origin
Figure 1: Dot diagram (right top) and vectors (right bottom) describing the motion of the ball in the photograph
(left). (Image credit: David Hazy)
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Video Analysis 2: Velocity
Driving Question
How can we use video analysis to quantitatively describe the velocity of an object over time?
Procedure
1. Take the video. Shoot a video of something moving in a straight line with your phone, ipad,
or other device. Your video this time should be better than the last one! Tips to remember:
•

Keep the entire motion in the frame of the camera. Do not follow the object.

•

Remember to include a meter stick for calibration. The meter stick should be in line
with the motion.

•

Decide which part of the object you will track. If it would be helpful, you can mark
this on the object using tape or a marker before you take the video.

2. Open Capstone. For this exercise you will need the video analysis window, plus two graph
displays. To add the graphs, drag the icon on the right hand side into the workspace.
3. Choose one object in your video to track. Click through the relevant part of the video to
track the motion of this object. You do not have to track it for the entire video, only the part
that is interesting.
•

Is the object speeding up, slowing down, or moving at a constant velocity? How can
you tell?

4. Graph data. After you have tracked the interesting part of the motion, make a graph of
position vs. time. The computer will help us do this.
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•

To do this, select “Time” as the x-axis on one of the graphs. Choose “x-position
Tracked Object 1” (or “y-position Tracked Object 1” if the motion was more vertical
than horizontal) for the vertical axis.

•

Use your graph to find the average velocity of your object. Is this a useful quantity
for the object you tracked?

•

How can you use the position graph to determine if the object is speeding up, slowing
down, or moving at a constant speed? Draw the position vs. time graph look like for
each of the three cases.

•

Draw a prediction for what you think a graph of velocity vs. time should look like for
your object.

•

Use Capstone to make a graph of velocity vs. time. To do this, select “Time” as the xaxis on the other graph. Choose “x-velocity Tracked Object 1” (or “y-velocity
Tracked Object 1” if the motion was more vertical than horizontal) for the vertical
axis. Does it look like your prediction? Explain.
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Questions
1. How does the software generate the position graph? (What is the relationship between the
tracking and the graph?)

2. What is the relationship between the position and velocity graphs?

3. How can you get the instantaneous velocity at a certain time from the velocity vs. time
graph?

4. How can you get the average velocity from the velocity vs. time graph?

5. How can you get the instantaneous velocity from the position vs. time graph?

6. How can you get the average velocity from the position vs. time graph?

7. How does the software generate the velocity graph? (What is the relationship between the
tracking and the graph?)

Save your file and email it to the instructor. Make sure to include the names of all of your group
members in the email.
Video Analysis: Student Reader
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Reading: Velocity
Below is the photo of the girl and the ball from the last reading (Figure 1). Can you tell
how the motion of the ball is changing over time? Is it speeding up or slowing down? Is the ball
moving with a constant speed (or velocity)? You probably have some intuitive sense of how to
describe the motion of the ball, but we want to describe the motion using a more precise
representation: a mathematical model.

𝑥⃑1

𝑥⃑2

𝑥⃑3
𝑥⃑4

Origin
Figure 1: Dot diagram (right top) and vectors (right bottom) describing the motion of the ball in the photograph
(left). (Image credit: David Hazy)

Let’s discuss how you could use the motion diagram to determine whether the speed of
the ball is changing. Recall that the time interval between all the pictures is the same. If the ball
were traveling a constant speed, the dots would be equally spaced. The ball would cover the
same displacement in each time interval. If the ball were speeding up (as shown), it would cover
a greater displacement in each successive time interval. This information can be used to build a
mathematical description of how an object is moving.
The term we use to describe how fast an object is going is velocity. The velocity of an
object is defined to be the displacement over some period of time, or in symbols:
Δ𝑥⃑
Δ𝑡
In this equation, 𝑣⃑ (with the arrow on top) is the velocity vector, Δ𝑥⃑ is the displacement vector
and Δ𝑡 is the time interval. Just like with displacement, we need to define velocity with both a
magnitude (numerical value) and a direction. The magnitude of the velocity is called speed.
Mathematically speed is represented as:
Δ𝑥⃑
𝑣=| |
Δ𝑡
𝑣⃑ =

Where, confusingly, v is speed (but with no arrow on top), and on the right side we take the
absolute value, or magnitude, of the displacement over time.
In words, we would describe the motion of the ball as follows: The ball moved at a
constant velocity for the first three data points, and then sped up (increased velocity) between the
third and fourth data points. That’s the verbal description of the motion.
Graphical representations of motion are also very powerful. To turn a dot diagram (like
the one shown above) into a graph, we need to think about each of the position vectors as data
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points. First, define an origin (which we’ve already done) and determine which direction is
positive (i.e. define a coordinate system). In this case, let’s take right to be positive. We can then
measure each of the vectors and make a data table. Once we have a data table, it is
straightforward to make a graph. You could do this by hand, but it is tedious, and graphing is a
task that computers are very good at, so we will generally use computers to help us make graphs.
For the above example, the data table and graph might look like those shown below. We
just worked through how to infer changes in velocity from a motion diagram. This graph
contains the same information in a different form.
Time
(s)

Position
(m)

.1

0.15

1

.2

0.30

0.8

.3

0.45

.4

0.90

Position (m)

Position of Ball vs. Time

0.6
0.4

Series1

0.2
0
0

0.1

0.2

0.3

0.4

0.5

Time (s)

Figure 2: Data table and graph describing the ball’s motion

Recall from your math classes that a graph has a slope. In math classes, slope is typically
defined as “rise over run” or in equation form:
𝑟𝑖𝑠𝑒
𝑟𝑢𝑛
Looking at the position-time graph, we see that the “rise” is the change in position (or
displacement) and “run” is the time interval, so we can write:
𝑠𝑙𝑜𝑝𝑒 =

Δ𝑥
Δ𝑡
Look familiar? This is what we just defined to be velocity! In mathematical terms,
velocity is the slope of a position vs. time graph! If an object is moving at a constant velocity,
then the graph will be a straight line. However, we often have the case (as above) where the
velocity is not constant, it is changing over time. In this case, we need to differentiate between
instantaneous and average velocity:
𝑠𝑙𝑜𝑝𝑒 =

Instantaneous velocity

Velocity at a given instant in time.

Average velocity

Velocity over a longer time interval.

The average velocity takes into account the entire motion over some time interval. In the
example above, the entire displacement of the ball is 0.9 meters from t = 0 to t = 0.4 seconds. We
can calculate the average velocity using the above equation:
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Δ𝑥⃑ 0.9 m
=
= 2.25 m/s (to the right)
Δ𝑡
0.4 s
Note that the SI unit for velocity comes out of this equation: meters per second, which is
abbreviated m/s. If you are given a speed or velocity in miles per hour (mph) or kilometers per
hour (kph), you would need to convert it to meters per second for physics calculations.
𝑣⃑𝑎𝑣𝑔 =

Alternatively, I could calculate the average velocity over some smaller time interval, say
just the first two data points. I repeat the calculation and get a different average velocity:
Δ𝑥⃑ 0.3 m
=
= 1.5 m/s (to the right)
Δ𝑡
0.2 s
This is an indication that the velocity is not constant over this motion, but changing. There is no
one value for average velocity that completely describes this motion, which is why we also need
instantaneous velocity (the velocity at one particular moment).
𝑣⃑𝑎𝑣𝑔 =

Instantaneous velocity is calculated as if the time interval were infinitely small. Image
taking the time interval Δ𝑡, and making it smaller and smaller. For the example above, this might
be using two adjacent data points. However, motion is often more complicated than this. Imagine
a position versus time graph that is a complicated curve, like the red line shown below. To find
the instantaneous velocity for this object, we need to imagine a time interval that is very tiny
because the slope is constantly changing. So to find the instantaneous velocity, we need to find
the slope of the tangent line. Recall from your math classes that the tangent line is the one that
only touches the curve at one point, as shown in green below.
𝑣⃑𝑖𝑛𝑠𝑡 = 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒
x

t

Figure 3: Instantaneous velocity is the slope of the tangent line of a position vs. time graph.

Note that if the velocity is constant, the average velocity is the same as the instantaneous
velocity. But this is an exception, not the rule.
Now that we have defined velocity, we can frame our mathematical model for the motion
of an object either in terms of how the position changes over time or in terms of how the velocity
changes over time.
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Reading: Graphing & Acceleration
In previous readings, we defined a set of parameters that can be used to describe the
motion of an object. We now add one more to the list: acceleration. Velocity describes how
position is changing, and acceleration describes how velocity is changing.
Parameter (symbol)

Definition

SI Units

Position (𝑥⃑)

Distance from an origin point

Meters (m)

Displacement (Δ𝑥⃑)

Change in position

Meters (m)

Average Velocity (𝑣⃑𝑎𝑣𝑔 )

Rate of change of position over a
period of time

Meters per second
(m/s)

Instantaneous Velocity
(𝑣⃑𝑖𝑛𝑠𝑡 )

Rate at which position is changing at a
given instant in time

Meters per second
(m/s)

Acceleration (𝑎⃑)

Rate of change of velocity

Meters per second per
second (m/s2)

One way to understand acceleration is graphically. In the same way that we were able to
make a position vs. time graph, we can make a velocity vs. time graph. To make a velocity vs.
time graph, we would need to find the instantaneous velocity at each point in time from the
position vs. time graph. Once all of that data is entered into a table, then we can generate a graph
of velocity vs. time.
For example, I tracked the motion of a remote control car as my son navigated down the
driveway. Because there is only a narrow piece of driveway between my car and the grass, the
remote control car moved more or less in a straight line. But he’s not a great driver, so the
velocity was far from constant. I want to build a model to explain exactly how the car moved
down the drive way, so I put the video into the analysis software, tracked the motion of the car,
and generated the following position vs. time graph.

RC Car Postion
3.5

Position (m)

3
2.5
2
1.5
1
0.5
0
0

2

4

6

8

10

time (s)
Figure 1: Position vs. Time graph for the RC Car
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Velocity
Now to make the velocity vs. time graph, we want to find the instantaneous velocity at
each of these points in time. To do this, I can find the slope between two points on the position
vs. time graph. Here’s part of the data table for the position-time graph:
Time (s) Position (m)
0.0
0.0
0.25
0.1
0.50
0.2
0.75
0.3
1.00
0.4
1.25
0.5
1.50
0.8
1.75
1.1
2.00
1.4
2.25
1.7
2.50
2.0
2.75
2.1
3.00
2.2
Table 1: Position Data for the RC Car

To find the velocity, we use the definition presented earlier:
Δ𝑥⃑
Δ𝑡
You might be thinking: wait! That’s the definition of average velocity, not instantaneous! If you
are thinking this, you are not wrong. But we are intentionally choosing a small enough time
interval that we can say this approximates the instantaneous velocity. For the first two data
points, I would calculate the velocity as follows:
𝑣⃑ =

Δ𝑥⃑ 0.1m − 0
=
= 0.4 m/s
Δ𝑡 0.25s − 0
Or for the time between 1.25 and 1.50 seconds:
𝑣⃑ =

Δ𝑥⃑
0.8m − 0.5m
=
= 1.2 m/s
Δ𝑡 1.50s − 1.25s
We can do this for the whole data table, and find the velocity for every time interval on the
graph. (A computer program such as Excel is good at doing this kind of calculation.)
𝑣⃑ =
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Time (s)
0.00
0.25
0.50
0.75
1.00
1.25
1.50
1.75
2.00
2.25
2.50
2.75
3.00

Position (m) Velocity (m/s)
0.0
0.4
0.1
0.4
0.2
0.4
0.3
0.4
0.4
0.4
0.5
1.2
0.8
1.2
1.1
1.2
1.4
1.2
1.7
1.2
2.0
0.4
2.1
0.4
2.2
0.4

Table 2: Position Data and Calculated Velocities for the RC Car

Now we are ready to make our velocity graph, where we can plot the values from the table above
on a velocity vs. time graph (Figure 2).

RC Car Velocity
3
2.5
2

Velocity (m/s)

1.5
1
0.5
0
-0.5 0.00

1.00

2.00

3.00

4.00

5.00

6.00

7.00

8.00

9.00

-1
-1.5
-2
-2.5

Time (s)
Figure 2: Velocity vs. Time graph for the RC Car

Study this graph for a moment. You may have noticed that for some parts of the motion,
the velocity is constant, which is represented by the dots having a constant numerical value.
What does the position graph look like over those same time intervals? It is a straight line,
showing the displacement changing by the same amount for several time intervals. The direction
the car is moving can also be inferred from the graph. Generally, we use a coordinate system in
which moving away from the origin is positive. In the graph above, sometimes the velocity is
positive, which indicates that the car is moving away from the origin. Sometimes the velocity is
negative, which indicates the car is moving backwards, towards the origin.
Video Analysis: Student Reader
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At other times the velocity is not constant, such as between t = 5 s and t = 6.5 s. During
this time, we would say that the velocity is increasing, or that the car is accelerating. Since the
velocity vs. time graph appears to be a straight line, we would say the velocity is changing at a
constant rate (in other words, the acceleration is constant.) (Note that physicists use the term
accelerating to mean any change in velocity, either increasing or decreasing. We typically don’t
say decelerating, even though that is a commonly used term in everyday speech.)

Acceleration
Acceleration is the mathematical description of the way that the velocity changes over
time. Similar to our definition of velocity we can calculate acceleration based on the slope of the
velocity vs. time graph:
Δ𝑣⃑
Δ𝑡
Where 𝑎⃑ represents acceleration (note that it is a vector because it has the little arrow on top), Δ𝑣⃑
is the change in instantaneous velocity, and Δ𝑡 is the time interval. As with velocity, this
definition is technically the average acceleration. If we want the instantaneous acceleration then
we again find the slope of the tangent line, but this time we are finding the slope of the velocity
vs. time graph. In Figure 3, you can see the result of taking the slope of each section of the
velocity v s. time graph. This time, we see that for a large portion of the graph (first five
seconds), the acceleration is zero. This is the region in which the car was traveling with constant
velocity. 2
𝑎⃑ =

RC Car Acceleration
2.0

Acceleration (m/s2)

1.5
1.0
0.5
0.0
-0.5

0.00

1.00

2.00

3.00

4.00

5.00

6.00

7.00

8.00

-1.0
-1.5
-2.0

Time (s)
Figure 3: Acceleration vs. Time graph for the RC Car

For the later times in the graph, we see the car has positive acceleration for a few seconds
(from about 5.25 to 6.25 seconds), followed by a negative acceleration (from 6.75 to 7.5
seconds). Interpreting what this means is a little bit tricky. To figure it out, let’s return to vectors.

2

Note that the car must have accelerated to change from one constant velocity to the next. No system can do that
instantaneously without acceleration. We are simplifying the model of the motion a bit by skipping over those
transition times on the graph.
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If the car is traveling in the positive direction, away from the origin.it has both a positive position
and a positive velocity, as shown below.
𝑥⃑
𝑣⃑
At initial time

Now if the car is speeding up, then the velocity increases, and our vectors now look like this:
𝑥⃑
𝑣⃑
At some later time

Let’s compare the velocity vectors, and think back to what we know about the change
vector. We talked about the change vector in position, but the same holds true for velocity. The
initial velocity plus the change in velocity equals the final velocity. In equation form, it looks
like this:
𝑣⃑𝑖 + Δ𝑣⃑ = 𝑣⃑𝑓
Or, if we draw the vectors, it looks like this:
𝑣⃑𝑖𝑛𝑖𝑡𝑖𝑎𝑙

Δ𝑣⃑⬚
𝑎⃑

𝑣⃑𝑓𝑖𝑛𝑎𝑙

These are two ways to represent the change in velocity of the car. But what does this have
to do with acceleration? Acceleration is the change in velocity over time. So the direction of the
velocity change vector is the same as the direction of the acceleration. In the example above, the
change vector is to the right, so we would say the car has positive acceleration.
We still haven’t determined if the car is speeding up or slowing down in the interval
between t = 5 and t = 6 seconds. You probably know that it is speeding up based on the velocity
graph, but can we get this information from the acceleration graph? If the velocity and the
acceleration point in the same direction (have the same sign), then the car is speeding up.
If the velocity and acceleration vectors point in opposite directions, then the car is
slowing down. In this case, the vectors would look like this:
𝑣⃑𝑓𝑖𝑛𝑎𝑙
𝑣⃑𝑖𝑛𝑖𝑡𝑖𝑎𝑙
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Δ𝑣⃑⬚
𝑎⃑
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Let’s try to apply this logic to the last segment of the graph. Based on the velocity graph,
would you say the car is speeding up or slowing down? The velocity is negative, which means it
is moving away from the origin, but the magnitude of the velocity is increasing. This means that
the car is speeding up. Does this fit with our argument from above about the acceleration? If you
look at the acceleration graph, the acceleration is negative in this time period. So both the
velocity and the acceleration vectors are pointing in the same direction (towards the origin). In
other words, the change in velocity (i.e. the acceleration) is in the same direction as the initial
velocity. When I add these two vectors together, I get a bigger vector, or a larger final velocity. It
is good practice to make sure that your various models (vectors, graphs, equations) are
consistent.
As a final note, we will mostly be limiting ourselves to examples in which the
acceleration is constant. It turns out that this describes a fairly large number of situations.
Certainly enough to keep you busy for one semester. To deal with cases where the acceleration
changes with time, we would need to use some advanced calculus, which is beyond the scope of
this course.
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Case Study: Lightning Quick3

Figure 1: Usain Bolt in the 2008 Olympics (Image credit: Wikimedia)

Part 1: Making the Prediction
“World’s Fastest Man”, he was dubbed at only 21 years old. Usain Bolt, a Jamaican
sprinter, blew the competition away at the 2008 Olympic Games. In the Olympic Games, Bolt
set world and Olympic records and earned gold medals for the men’s 100 meter, 200 meter, and
4x100 meter events.
The young sprinter was not without controversy. Known for both his running talent and
clowning around, Bolt ran the 100 meter race in 9.69 seconds. But he could have run the race
faster. With approximately 20 meters to go, Bolt slowed his pace, dropped his arms, and began
celebrating. It didn’t matter; he was so far ahead of his next competitor that he probably could
have crossed the finish line walking. And, he set a World Record in spite of the celebration.
The celebration caused a media stir. Sports analysts first talked about the
unsportsmanlike behavior, and then set about analyzing the race. Just a few days after Bolt won
his third gold medal, his coach, Glen Mills, made the following statement about his
performance in the 100 meter race:
"Bolt's first 60 metres was very good. I was told that with an all-out finish, after the
opening 60 metres, Usain was projected to run a 9.52," – Glen Mills (Aug 27, 2008)
This statement fueled the discussion of Bolt’s performance in the 100 meter race. Analysts tried
to review the race to see if the prediction was correct. Some even wondered if the prediction
was physiologically possible. Then a group of researchers from Norway decided to use film of
the race, and kinematic principles to study the prediction in a more scientific way.
The researchers noticed that in film footage of the race, that a camera was seen moving
along a rail on the side of the track. The rail for this camera contained regularly spaced
brackets, making it possible to determine the position of the runners during the race. In
3

Lesson contributed by Dr. Kelley Grorud.
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addition, much of the film footage from broadcasting companies also included a running timestamp on the screen, making it possible to determine how long the runners had been racing for
any given frame of the film. From these features of the film, the researchers determined the
following data for first 80 meters of Usain Bolt’s race.
Elapsed Time
(seconds)
0.01

Position
(meters)
0

1.1

5.0

3.0

22.5

4.0

34.0

4.5

41.3

5.4

52.1

5.8

55.9

6.2

61.5

6.5

64.8

6.9

69.6

7.3

73.3

7.7

78.5

Questions
1. Use the data above to create a position vs. time graph. Make a note about the shape of the

curve.

2. Use the curve above to determine the average velocity of Usain Bolt during the race. Do

you think the average velocity is representative of Usain Bolt’s actual velocity at all the
points on this curve? Why or why not?

3. Use the data to predict how fast Usain Bolt could have run this race. (There are many

possible predictions you could make.) For any prediction you make, write down the
methods you used to reach the time it would have taken Usain Bolt to run the race.
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4. Compare the models you used for making a prediction with others in your class. What

assumptions underlie your models? Which models do you think use the data in the most
appropriate way? How close is your predicted time to others in your class?

Part 2: Comparing Models
The research group used several mathematical models to study this problem. Using
calculus, they considered two cases:
•

In the first case, they made a conservative estimate of Usain Bolt’s running, by assuming
that he would be able to keep the acceleration profile of the second place finisher in the
race.

•

In the other case, they assumed that Usain Bolt would keep an acceleration profile of
0.5 m/s2 higher than the runner up. From their models, they predicted that Usain Bolt
could have completed the race in 9.55 to 9.61 seconds ±0.04 seconds.

1. Compare your prediction to those of the researchers. How close was your prediction to the
one of the researchers?

2. Based on your prediction, and those of the researchers, do you think it would have been
possible for Usain Bolt to run the 100 meter race in 9.52 seconds?
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Video Analysis 3: 1-Dimensional Kinematics
Driving Question
How can we build a mathematical model to represent the motion of falling object?
Part 1: Empirical Model
We are going to try to build a scientific, mathematical model that can explain and predict the
motion of things that fall. First, we are going to collect a set of observations (data) of falling
objects, and represent those observations as motion diagrams and graphs of our motion variables
position, velocity and acceleration vs time.
1. Make a video of an object dropping (not being thrown, just dropping out of your hand).
Import the video into Capstone.
2. Track the falling object and make two graphs: y-position vs time and y-velocity vs. time.
Fit each of the graphs using the “Curve Fit” tool (the one with a red line and blue dots).
a. What shape fits each curve best?
b. Write the equation for each best-fit curves:

The best-fit curve can be considered a mathematical model that describes the motion of the ball.
It can tell us the initial position and speed of the ball, and how the position and velocity of the
ball changes over time.
3. We expect that the velocity graph should look like the slope of the position curve at each
time. Is this true for your graphs? What can explain any discrepancies?

4. Move the axes so that the origin is at the dropper’s feet. What happens to the position graph?
What happens to the velocity graph? How do the best fit equations change?

5. Move the axes so that the zero is where the ball starts (by the hand). What changes about the
analysis? How does this affect the equations?

26

Video Analysis: Student Reader

6. Rotate the axis so that down is positive. How does this change the graphs? How does this
change the equations?

7. Make a third graph that is acceleration vs. time.
a. Describe the acceleration vs. time curve. Does it look like what you would expect? (Is
the acceleration of the ball changing over time?) Why do you think it looks like this?
b. What is a better way to find the acceleration of the ball? Is the acceleration changing,
or is it constant?
c. Write down what you determined the acceleration to be from your data.

Part 2: Theoretical Model
Now we will build a mathematical model to describe and predict the motion of falling objects
based on our observations and the definitions of the motion variables position, velocity and
acceleration. Follow along as we derive the equations below on the board.
1
𝑥(𝑡) = 𝑥𝑖 + 𝑣𝑖 𝑡 + 𝑎𝑡 2
2
𝑣(𝑡) = 𝑣𝑖 + 𝑎𝑡
8. What determines if these theoretical models good? How do we know if they are valid?

9. Compare your empirical model to the theoretical model. Do you think the theoretical model
can be applied to this particular motion?
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Reading: Kinematics
Kinematics is the mathematical description of motion, in terms of an object’s position,
velocity, and acceleration. We will now build a useful kinematic model, based on the assumption
that the object we are describing undergoes constant acceleration. This is true for a fairly large
set of physics problems. We will start with this assumption and use it to derive some equations
(i.e. mathematical models) that can be used to make predictions about a constant-acceleration
system.
We are also going to begin by assuming the motion is all in one direction. This allows us
to simplify the problem for now, but we’ll build a two dimensional model later. We will define a
coordinate system in which positive is to the right and negative is to the left. The positive and
negative values that emerge from our calculations will correspond to the right and left directions.
Assumptions for this Model
Constant acceleration
One-dimensional motion
Positive numbers indicate direction to the right/up
Negative numbers indicate direction to the left/down
Initial time is at t = 0
Starting with our assumption that acceleration is constant, we first write down the
definition of acceleration:
𝑎⃑ =

⃑⃑
Δ𝑣
Δ𝑡

=

⃑⃑𝑓 −𝑣
⃑⃑𝑖
𝑣
𝑡𝑓 −𝑡𝑖

=

⃑⃑𝑓 −𝑣
⃑⃑𝑖
𝑣
𝑡

(1)

Where 𝑎⃑ is acceleration, 𝑣𝑓 is the final velocity, 𝑣𝑖 is the initial velocity, 𝑡𝑓 is the final time, and
𝑡𝑖 is the initial time. To simplify we define the initial time to be zero (𝑡𝑖 = 0) and then we can
call the final time just t (no subscript) (𝑡𝑓 = 𝑡). Rearranging the above equation gives us:
𝑣⃑𝑓 = 𝑣⃑𝑖 + 𝑎⃑𝑡

(2)

Let’s think about this as a mathematical model. This equation is giving us the ability to
predict what the velocity of the object will be at some point in the future, assuming that we know
the initial velocity and the acceleration. We can explicitly of the velocity as a function of time to
make this more obvious4:
𝑣(𝑡) = 𝑣𝑖 + 𝑎𝑡

(3)

This allows us to calculate not just the final velocity, but gives us an equation that tells us the
velocity at any point in time!
Let’s take this one step further and build a mathematical model to describe how the
position changes with time. To do this, we need to connect position with velocity. Recall that
average velocity is displacement (change in position) over time:
4

Note that the vector symbols have been dropped for simplicity. For one-dimensional motion, the sign of the value
will indicate the direction.
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𝑣𝑎𝑣𝑔 =

Δ𝑥
Δ𝑡

=𝑡

Δ𝑥

𝑓 −𝑡𝑖

=

Δ𝑥

(4)

𝑡

Where Δ𝑥 is the displacement of the object, and we have made the substitutions for time that
were described above. To relate this to the initial and final velocity, we need to take another
approach to calculating average velocity. The definition of an average, generally speaking, is to
add two numbers and divide by two. Applying this to velocity yields:
𝑣𝑎𝑣𝑔 =

𝑣𝑓 +𝑣𝑖

(5)

2

Note: equation 5 is only correct for situations with constant acceleration. (For non-constant
acceleration, you would have to use a weighted average.)
Setting equation (4) equal to equation (5), gives us an expression for velocity that
depends on position.
𝑣𝑓 + 𝑣𝑖 Δ𝑥
=
2
𝑡
2Δ𝑥
𝑣𝑓 + 𝑣𝑖 =
𝑡
𝑣𝑓 =

2Δ𝑥
𝑡

− 𝑣𝑖

(6)

Now we set equation (6) equal to equation (2). After some algebra, this gives us an
equation that describes how position changes with time:
2Δ𝑥
− 𝑣𝑖 = 𝑣𝑖 + 𝑎𝑡
𝑡
2Δ𝑥
= 2𝑣𝑖 + 𝑎𝑡
𝑡
1

Δ𝑥 = 𝑣𝑖 𝑡 + 2 𝑎𝑡 2

(7)

Equation (7) is a mathematical model that can predict the displacement of an object after some
time has passed, assuming that we know the initial velocity and acceleration of the object.
Leaving the equation in terms of the displacement (Δ𝑥) can be advantageous because you don’t
necessarily need to know where the origin is to use the equation.
However, sometimes we want to know the final position, and not just the displacement.
To find this, we can rewrite the expression in terms of initial and final position, using the fact
that displacement is change in position (Δ𝑥 = 𝑥𝑓 − 𝑥𝑖 ):
1
𝑥𝑓 − 𝑥𝑖 = 𝑣𝑖 𝑡 + 𝑎𝑡 2
2
1
𝑥𝑓 = 𝑥𝑖 + 𝑣𝑖 𝑡 + 𝑎𝑡 2
2
We can extend this to a general expression that describes how the position changes over
time by substituting 𝑥(𝑡) for 𝑥𝑓 :
1

𝑥(𝑡) = 𝑥𝑖 + 𝑣𝑖 𝑡 + 2 𝑎𝑡 2
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Equation (8) an answer the question “How fast will this object be moving in 8 seconds?”
Another question you might ask about the motion of an object is how fast it will be going, not a
particular point in time, but after it has travelled a certain distance. To answer that question
requires a model that predicts velocity as a function of position. We can derive this last model
using equations (2) and (7) and eliminating the time parameter. Start by solving for time in
equation (2):
𝑣𝑓 − 𝑣𝑖
𝑣⃑𝑓 = 𝑣⃑𝑖 + 𝑎⃑𝑡 → 𝑡 =
𝑎
Then we plug this value for time into equation (7):
1
Δ𝑥 = 𝑣𝑖 𝑡 + 𝑎𝑡 2
2
𝑣𝑓 − 𝑣𝑖
1 𝑣𝑓 − 𝑣𝑖 2
Δ𝑥 = 𝑣𝑖 (
)+ 𝑎(
)
𝑎
2
𝑎
After some algebra, we eventually end up with the following expression, which relates the
velocity of an object to its position:
𝑣𝑓2 = 𝑣𝑖2 + 2𝑎Δ𝑥
To summarize, we have a set of mathematical models that can predict how the motion
(position, velocity, and acceleration) will change over time for an object with constant
acceleration.
Mathematical Model

Verbal Description

1
Δ𝑥 = 𝑣𝑖 𝑡 + 𝑎𝑡 2
2
1
𝑥(𝑡) = 𝑥𝑖 + 𝑣𝑖 𝑡 + 𝑎𝑡 2
2

Can be used to calculate the displacement of an object, given
the time, initial velocity, and acceleration.

𝑣𝑓 = 𝑣𝑖 + 𝑎𝑡

Can be used to calculate the final velocity of an object, given
the time, initial velocity, and acceleration.

𝑣(𝑡) = 𝑣𝑖 + 𝑎𝑡
𝑣𝑓2 = 𝑣𝑖2 + 2𝑎Δ𝑥
𝑣(𝑥) = ±√𝑣𝑖2 + 2𝑎Δ𝑥
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Predicts the position of an object at any point in time in the
future.

Predicts the velocity of an object at any point in time in the
future.
Can be used to calculate the final velocity of an object, given
the displacement, initial velocity, and acceleration.
Predicts the velocity of an object at any point in space
(position).
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Do objects fall with constant acceleration?
Now we want to compare these theoretical, mathematical models to the data taken from
the video analysis of a falling object. In your video analysis experiments, you have been making
graphs that represent how the position and velocity of an object change over time. To compare
our mathematical models to the data, we will want to use the functional versions of the
equations:
1
𝑥(𝑡) = 𝑥𝑖 + 𝑣𝑖 𝑡 + 𝑎𝑡 2
2
𝑣(𝑡) = 𝑣𝑖 + 𝑎𝑡
Let’s start with the velocity equation. Think about what the graph of this equation will
look like. Velocity is directly proportional to time, which means the graph is linear. (As opposed
to being proportional to time-squared, as in the position equation, which would indicate a
parabolic curve.) Let’s compare the above velocity model to the equation of a line:
𝑦 = 𝑚𝑥 + 𝑏
𝑣(𝑡) = 𝑎𝑡 + 𝑣𝑖
Note that the software (Excel, Capstone, etc.) does not know that we are doing physics, so it
always calls the vertical axis y and the horizontal axis x. You will need to look at the axes of the
graph to translate the x and y into the physical parameters that we are studying. In this example
velocity is on the vertical axis, time is on the horizontal axis, the slope is the acceleration, and
the intercept is the initial velocity.
For example, look at the graph below (Figure 1) which shows data collected from
dropping a ball. The best-fit line is written on the graph below. You can see that the data is well
described by this straight line. This suggests that the ball is falling with constant acceleration.
By comparing this best-fit line to our theoretical model, we can bring some meaning to this
equation. The slope (-9.77 m/s2) represents the acceleration of the object. (In this coordinate
system, the negative indicates that it is accelerating downward.) The intercept (-0.644 m/s) is the
initial velocity of the object. In this way, the best-fit line can give us all the information we need
to describe how the velocity of the ball changes over time.

Figure 1: Velocity vs. time graph for a constant acceleration motion
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We can repeat the same logic for a position vs. time graph (Figure 2). The graph is
slightly more complicated because the time dependence is quadratic, but we can still learn
something from the best-curve generated by the software. Again, the data is well fit by a
parabolic curve, which is what we expect for motion with constant acceleration. Comparing the
best-fit curve to the position model, we can gather some information about the system.
𝑦 = −4.97𝑥 2 − 0.27𝑥 + 1.33
1
𝑥(𝑡) = 𝑎𝑡 2 + 𝑣𝑖 𝑡 + 𝑥𝑖
2
By comparing these two equations, we can see that the initial position is 1.33 meters above the
ground, the initial velocity is -0.27 m/s, and the acceleration is -9.94 m/s2 (note that this is twice
1
the coefficient because of the ( 𝑎) before the 𝑡 2 ).
2

Comparing Theoretical and Empirical Models
There are two ways to build mathematical models in physics. The deductive approach is
to start with a particular definition or theory that we assume to be valid for a particular system.
We can then do some mathematical manipulations, or set some assumptions and limits, to come
up with an equation (i.e. a mathematical model) that will be useful for making predictions about
the system. This is typically called a theoretical model. Above, we showed that our theoretical
model was a good description of a falling object.
The inductive approach starts with the data. We collect data on a particular system, we
plot the data to make a graph and then we find an equation that describes that particular set of
data. This equation (often the best-fit line or curve) represents an empirical model. This usually
involves trying different fit functions (straight line, quadratic, exponential, etc.) to find the form
that best describes the data. This best fit line or curve could then be used to predict future
behavior of that system.
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At this point, we could also compare the empirical model based on the data to theoretical
models that might describe that system. The fundamental question is: Does the empirical model
agree with the theoretical model? If the answer is “yes”, then you can say that you have gathered
evidence in support of your model.
However, we often don’t get exact agreement between the data and the theoretical model.
Often the answer is some version of “no” or “sort of,” which brings up the question of how close
is “close enough”? Maybe it turns out that the slope of the velocity-time graph is not -9.8 m/s2 as
the theoretical model for gravitational acceleration suggests, but -9.94 m/s2 (as we see in the
position graph above). If the data and the theory don’t agree, there are two possibilities: either
there is a problem with our data (i.e. the empirical model), or there is a problem with the
theoretical model. Problems with the data could include measuring errors or errors in data
collection or analysis. (In this case, it is likely a calibration error.)
The other possibility is that we need to revise our theoretical model. What assumptions
and approximations did we make? What are the limits of the model? This where physics gets
interesting! Have I discovered that there is an anomaly in the gravitational field or have I simply
made an assumption in my model that doesn’t hold (e.g. drag can be neglected)? Pushing the
limits of current models for understanding the physical world is what physicists do! They don’t
simply want to reconfirm old models, they want to determine what the limits are to these old
models, and if a model breaks down, to think about how they can be revised or replaced. For
example, the dual discoveries of special relativity and quantum mechanics placed limits on
Newton’s Laws; they don’t work if objects are moving really fast or are really small. This
doesn’t mean that Newton’s Laws are wrong; it means that they only work for certain cases.
Understanding where the models break down is an exciting part of physics.
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Video Analysis 4: 2-D Motion
Driving Question
How can we build a mathematical model to represent the motion of an object in two-dimensions?
Predictions
This time we are going to look at the system that is the cart launching the ball (and catching it) to
study how horizontal and vertical motion are related. Before we do the experiment, answer the
following questions assuming the ball is in free-fall during this motion.
1. What do you predict will be the horizontal acceleration of the cart?

2. What do you predict will be the vertical acceleration of the ball?

3. What do you predict will be the horizontal acceleration of the ball?

Procedure
1. Download and open the movie “Cart & Ball” from the course website.
2. Fast forward the video until the ball is launched, and begin your analysis here.
a. Calibrate the distance measurements using the fact that a piece of masking tape marks
the 1.2 meter position on the track.
b. Track both the motion of the ball and the cart. This involves using the “create tracked
object” button to add an instance of tracking.
3. Create y-position and y-velocity graphs for the ball.
a. What is the shape of the velocity graph, what is the shape of the position graph?
Does this make sense to you based on what you know about an object in free fall?
b. Use your graphs to determine the vertical component of the velocity of the ball at the
top of the trajectory. Record this velocity.
c. How does the launch velocity compare to the final y-velocity (just before it is
caught)? Record the initial and final velocity values.
d. What is the slope of the velocity vs. time graph? How does this graph compare to the
velocity vs. time graph for the ball you dropped in the last video analysis activity?
e. Use your graph to determine the vertical acceleration of the ball.
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4. Create two x-position vs. time graphs, one for the cart and one for the ball.
a. Use the position vs. time graphs to calculate the initial velocities of the cart and the
ball in the x-direction.
b. Use the position vs. time graphs to calculate the final velocities of the cart and the
ball.
c. Use your x-position vs. time graph to determine the acceleration of the ball in the
horizontal direction. What is the horizontal acceleration of the cart? How do you
know?
Questions
1. Compare the x-position vs. time graphs for both objects. What does this tell us about the
horizontal motion of the objects? What conclusions can we draw about the horizontal motion
of the cart compared to the horizontal motion of the ball?

2. Calculate the total initial velocity, both magnitude and direction (i.e. launch angle), of the
ball using the initial velocities you determined above.

3. Calculate the total final velocity, both magnitude and direction, of the ball using the final
velocities you determined above.

4. Calculate the total velocity at the top of the trajectory, both magnitude and direction, of the
ball using the velocities you determined above.
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5. In physics, we say that the motion in the horizontal and vertical directions are independent.
This means that we can split the motion into the horizontal and vertical components, and
apply the kinematics equations to each direction independently. Where do you see evidence
of this in your data and graphs?

6. What parameter stays the same in both directions during the motion of the ball? This
parameter provides a link between the horizontal and vertical components of the motion.

7. Is the ball in free fall? Use your data to support your argument.
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Reading: Two-Dimensional Kinematics
At this point, we have studied a limited set of problems – those for which the object is
moving with constant acceleration in one-dimension. We derived the following mathematical
models to describe this motion and predict how the motion will change over time.
Mathematical Model

Verbal Description

1
Δ𝑥 = 𝑣𝑖 𝑡 + 𝑎𝑡 2
2
1
𝑥(𝑡) = 𝑥𝑖 + 𝑣𝑖 𝑡 + 𝑎𝑡 2
2

Can be used to calculate the displacement of an object, given
the time, initial velocity, and acceleration.

𝑣𝑓 = 𝑣𝑖 + 𝑎𝑡

Can be used to calculate the final velocity of an object, given
the time, initial velocity, and acceleration.

Predicts the position of an object at any point in time in the
future.

Predicts the velocity of an object at any point in time in the
future.

𝑣(𝑡) = 𝑣𝑖 + 𝑎𝑡

Can be used to calculate the final velocity of an object, given
the displacement, initial velocity, and acceleration.

𝑣𝑓2 = 𝑣𝑖2 + 2𝑎Δ𝑥
𝑣(𝑥) = ±√𝑣𝑖2 + 2𝑎Δ𝑥

Predicts the velocity of an object at any point in space
(position).
Table 1: Mathematical Models for Motion

Now we will extend this model to two dimensions. In class, we looked at the example of
the cart launching, and catching a ball, as shown in the figure below. If the cart is not moving,
the launcher shoots the ball straight up in the air and it falls straight back down to be caught by
the cart. Now if we give the cart a push, it is easy to see that the cart has some initial horizontal
velocity. But what happens to the ball?

Figure 1: Video Analysis of Ball Launch from Cart
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The ball appears to now have a parabolic trajectory (Figure 1). It is moving in both the
horizontal and the vertical directions. The video analysis software allows us to track the vertical
and horizontal components of the motion independently. Let’s look first at the horizontal motion
of the ball (Figure 2) and compare it to the horizontal motion of the cart (Figure 3).

Ball Horizontal Postion vs. Time
Horizontal Position (m)

0.3
0.25
0.2

y = 0.43x
0.15
0.1
0.05
0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Time (s)
Figure 2: Horizontal Position vs. Time graph for the launched ball

Cart Horizontal Position
Horizontal Position (m)

0.6
0.5

y = 0.45x

0.4
0.3
0.2
0.1
0
0

0.2

0.4

0.6

0.8

1

1.2

Time (s)
Figure 3: Horizontal Position vs. Time graph for the cart

Both of these graphs appear to be relatively straight lines, which means that the velocity
is constant. Looking at the slope of these two lines shows us that the initial velocity of the cart
(𝑣𝑖,𝑥 = 0.45 m/s) is very similar to the initial velocity of the ball (𝑣𝑖,𝑥 = 0.43 m/s).
Theoretically, we can say that they have the same initial velocity, and our result confirms this
within experimental error. Even though the launcher did not impart any horizontal velocity, the
cart was moving, and so the ball was also moving in that direction when it was launched. It
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continues to move with that horizontal velocity after being launched, paralleling the motion of
the cart.
In the vertical direction, the launcher projects the ball with an initial velocity upward. We
can see from the graph (Figure 5) that the vertical velocity changes over time. We can use the
first few points on the graph to estimate the initial velocity of the ball (𝑣𝑖,𝑦 = 2.8 m/s). This is
represented as the orange line on the graph below. As the ball reaches its highest point, the slope
approaches zero (as shown with the green line). Then the ball begins to fall back down; its
velocity now increasing in the downward direction, which means the slope is getting more
negative. Because the vertical position vs. time graph is parabolic, we can say that the ball is
experiencing constant acceleration, and compare it to the equation for constant acceleration:
1
𝑦(𝑡) = 𝑣𝑖𝑦 𝑡 + 𝑎𝑦 𝑡 2
2
𝑦(𝑡) = 2.82𝑡 − 4.9𝑡 2
By comparing these two equations, we can determine the acceleration from the best-fit curve to
be 𝑎𝑦 = −9.8 m/s 2 . Note that we also see the initial velocity is 2.82 m/s, which agrees with our
initial velocity calculated from the slope of the first few points on the graph.

Ball's Vertical Postion vs. Time
0.45

Vertical Position (m)

0.4
0.35

y = -4.9x2 + 2.82x

0.3
0.25
0.2
0.15
0.1

0.05
0
0

0.1

0.2

0.3

0.4

0.5

0.6

Time (s)
Figure 4: Vertical Position vs. Time for the launched ball

From the graphs above, we can conclude that the acceleration is constant in both the
horizontal and the vertical directions. This means that we can use the kinematics equations for
constant acceleration to describe this motion and make predictions about where the ball will be
in the future. The trick is that we must apply the kinematics equations in only one direction at a
time. Explicitly writing this out gives us a longer list of equations (mathematical models) to use
in solving problems.
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Mathematical Models for
Horizontal Motion

Mathematical Models for
Vertical Motion

1
Δ𝑥 = 𝑣𝑖,𝑥 𝑡 + 𝑎𝑥 𝑡 2
2

1
Δ𝑦 = 𝑣𝑖,𝑦 𝑡 + 𝑎𝑦 𝑡 2
2

𝑣𝑓,𝑥 = 𝑣𝑖,𝑥 + 𝑎𝑥 𝑡

𝑣𝑓,𝑦 = 𝑣𝑖,𝑦 + 𝑎𝑦 𝑡

2
2
𝑣𝑓,𝑥
= 𝑣𝑖,𝑥
+ 2𝑎𝑥 Δ𝑥

2
2
𝑣𝑓,𝑦
= 𝑣𝑖,𝑦
+ 2𝑎𝑦 Δ𝑦

Table 2: Mathematical Models for 2-D Kinematics

Note that the equations are identical except for the subscripts. The “x” subscripts indicate
motion in the horizontal direction. The “y” subscripts indicate motion in the vertical direction.
You have to be careful when using these equations to make sure that you are only plugging in
horizontal information into the “x” equations, and only plugging in vertical information into the
“y” equations. Time is the exception because it is the same in both directions, and we can use
this to link the two sets of equations.
To keep all of these parameters straight, I recommend making a table, like the one shown
below. Some of the information will be given to you in the problem, and some of the information
will have to be inferred from the description of the problem. Other parameters you can solve for.
x-direction

y-direction

Δ𝑥 =

Δ𝑦 =

𝑣𝑖,𝑥 =

𝑣𝑖,𝑦 =

𝑣𝑓,𝑥 =

𝑣𝑓,𝑦 =

𝑎𝑥 =

𝑎𝑦 =

𝑡=

𝑡=

Let’s look at the example of the ball launch above. From the graphs, we concluded that
the initial velocity in the x-direction was +0.494 m/s, and the initial velocity in the vertical
direction was +2.82 m/s. These should be the first two values to record in the table:
x-direction
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y-direction

Δ𝑥 =

Δ𝑦 =

𝑣𝑖,𝑥 = +0.47 m/s

𝑣𝑖,𝑦 = +2.82 m/s

𝑣𝑓,𝑥 =

𝑣𝑓,𝑦 =

𝑎𝑥 =

𝑎𝑦 =

𝑡=

𝑡=
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Now we have to think about what assumptions we can make about the system. One is that
the ball is in free fall, which means that the only force acting on the ball is gravity, pulling it
down towards the Earth. The acceleration of an object in free fall on Earth is given by the
constant 𝑔 = −9.8 m/s, where the negative indicates that the ball is accelerating downwards.
This acceleration is only present in the vertical direction. For an object in free fall, we ignore
drag and assume that there are no forces acting on it in the horizontal direction. The acceleration
in x-direction is very small, so we will approximate the acceleration as zero, which means the
initial velocity is equal to the final velocity:
x-direction

y-direction

Δ𝑥 =

Δ𝑦 =

𝑣𝑖,𝑥 = +0.43 m/s

𝑣𝑖,𝑦 = +2.82 m/s

𝑣𝑓,𝑥 = +0.43 m/s

𝑣𝑓,𝑦 =

𝑎𝑥 = 0 m/s2

𝑎𝑦 = −9.8 m/s2

𝑡=

𝑡=

Now we almost have enough information to start making some predictions! For example,
how long was the ball in the air? Let’s look at the kinematics equations we derived previously:
Mathematical Models for
Horizontal Motion

Mathematical Models for
Vertical Motion

1
Δ𝑥 = 𝑣𝑖,𝑥 𝑡 + 𝑎𝑥 𝑡 2
2

1
Δ𝑦 = 𝑣𝑖,𝑦 𝑡 + 𝑎𝑦 𝑡 2
2

𝑣𝑓,𝑥 = 𝑣𝑖,𝑥 + 𝑎𝑥 𝑡

𝑣𝑓,𝑦 = 𝑣𝑖,𝑦 + 𝑎𝑦 𝑡

2
2
𝑣𝑓,𝑥
= 𝑣𝑖,𝑥
+ 2𝑎𝑥 Δ𝑥

2
2
𝑣𝑓,𝑦
= 𝑣𝑖,𝑦
+ 2𝑎𝑦 Δ𝑦

To use one of these equations, we must know the value of every variable in the equation
except for one. The top equation in each column can help us to calculate the position of the ball
in the horizontal and vertical directions for any point in time. It might seem like we don’t have
enough information to use this equation. However, we know that the ball is caught when it
returns to its original vertical position (Δ𝑦 = 0). This will allow us to calculate the time that the
ball was in the air.
x-direction

y-direction

Δ𝑥 =

Δ𝑦 = 0 m

𝑣𝑖,𝑥 = +0.43 m/s

𝑣𝑖,𝑦 = +2.82 m/s

𝑣𝑓,𝑥 = +0.43 m/s

𝑣𝑓,𝑦 =

𝑎𝑥 = 0 m/s 2

𝑎𝑦 = −9.8 m/s2

𝑡=

𝑡 =?
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Time is the only unknown in that first equation:
1
Δ𝑦 = 𝑣𝑖,𝑦 𝑡 + 𝑎𝑦 𝑡 2
2
We can plug in for the displacement, and then simplify by canceling a factor of time (t):
1
1
0 = 𝑣𝑖,𝑦 𝑡 + 𝑎𝑦 𝑡 2 = 𝑣𝑖,𝑦 + 𝑎𝑦 𝑡
2
2
Now solve algebraically for time, and plug in the known values:
m
2 (2.82 2 )
2𝑣𝑖𝑦
s
𝑡=−
=−
m = 0.576 s
𝑎𝑦
−9.8 2
s
If we check this against the graph shown in Figure 4, we can see the result is consistent with the
experimental result. We can plug this into the table, and then solve for Δ𝑥.
x-direction

y-direction

Δ𝑥 =

Δ𝑦 = 0 m

𝑣𝑖,𝑥 = +0.43 m/s

𝑣𝑖,𝑦 = +2.82 m/s

𝑣𝑓,𝑥 = +0.43 m/s

𝑣𝑓,𝑦 =

𝑎𝑥 = 0 m/s 2

𝑎𝑦 = −9.8 m/s2

𝑡 = 0.576 s

𝑡 = 0.576 s

1
Δ𝑥 = 𝑣𝑖,𝑥 𝑡 + 𝑎𝑥 𝑡 2
2
m
1
Δ𝑥 = +0.43 (0.576 s) + (0 m⁄s2 )(0.576s)2 = 0.248 m
s
2
We can now compare this to the data, as shown in Figure 2. The second to last data point
is t = 0.58 s and corresponds to a horizontal displacement of 0.244 m. This is very close to what
we calculated above!
What could be a reason for the discrepancy? We need to revisit some of the assumptions
we made when examining the motion of the ball. One assumption we made is that the ball is in
free fall. This means we assumed the horizontal position vs. time graph was linear, and we see
that the fit is pretty good, but our result is not exactly what we expected.
Let’s return to Figure 2, but this time fit it to a parabola. As the ball flies through the air,
the slope of a line tangent to the horizontal position vs. time graph decreases slightly, implying
that the ball slows down (this is due to air resistance). The data is well fit by a quadratic (Figure
6), and so we can conclude that the ball is undergoing constant acceleration in the horizontal
direction.
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Ball's Horizontal Postion vs. Time
Horizontal Position (m)

0.3
0.25
0.2
0.15

y = -0.05x2 + 0.45x

0.1
0.05
0

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Time (s)
Figure 6: Horizontal Position of the Ball vs. Time, fit with a Parabolic Curve

From the curve, we can conclude that the horizontal acceleration is -0.1 m/s2, and that the
initial velocity is 0.45 m/s. (A better match to the cart’s velocity!) We can plug this into the
above equation to see how it affects the displacement.
1
Δ𝑥 = 𝑣𝑖,𝑥 𝑡 + 𝑎𝑥 𝑡 2
2
m
1
Δ𝑥 = +0.45 (0.576 s) + (−0.1 m⁄s2 )(0.576s)2 = 0.243 m
s
2
This is still not exactly what we measured in the experiment, but it is closer that the original
model with no air-resistance.
This acceleration due to air resistance (drag) is small, and is typically neglected for
objects in free fall. This provides a good example of the theoretical model not exactly matching
the data. The decision you have to make is whether or not this assumption is valid for a particular
system, and if not, then you would make this correction to the free fall model. The example
above shows that for an object like a ball, the effect of air resistance is pretty small, and we’ll
continue to ignore it for projectiles unless otherwise stated.
Another example
This set of equations allows us to solve a wide range of problems. Some information will
be provided in the problem (or the data), but you will need to infer other information from the
text of the problem. Let’s look at another example.
A coin rolls along the top of a 1.33 m high desk with a constant velocity. It reaches the
edge of the desk and hits the ground 1.00 m from the edge of the desk. What was the
initial velocity of the coin?
At first glance, it looks like we don’t have enough information to solve this problem. Let’s start
by putting the given information into the table, and marking the unknown quantity with a
question mark. Note that we have chosen a coordinate system where down is negative and up is
positive.
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x-direction

y-direction

Δ𝑥 = 1.33 m

Δ𝑦 = −1.00m

𝑣𝑖,𝑥 = ?

𝑣𝑖,𝑦 = ?

𝑣𝑓,𝑥 =

𝑣𝑓,𝑦 =

𝑎𝑥 =

𝑎𝑦 =

𝑡=

𝑡=

We clearly do not yet have enough values filled in to use any of our equations. Now,
think about the assumptions can we make in modeling this motion. As explained above, we can
assume that a falling object is in free fall. This tells us that the acceleration in the vertical
direction is the acceleration due to gravity, and that there is no acceleration in the horizontal
direction.
We still do not know every variable except one in any of our equations. We need to
make one more inference. Another key piece of information in this problem comes from the fact
that it is rolling across a horizontal surface (the desk). This means when it reaches the edge of the
table, its velocity will initially be entirely in the horizontal direction. If we take the moment
when the ball reaches the edge of the table as our initial time (t = 0), the coin will have an initial
velocity in the vertical direction of zero. We can update the table with these assumptions:
x-direction

y-direction

Δ𝑥 = 1.33 m

Δ𝑦 = −1.00m

𝑣𝑖,𝑥 = ?

𝑣𝑖,𝑦 = 0 m/s

𝑣𝑓,𝑥 =

𝑣𝑓,𝑦 =

𝑎𝑥 = 0 m/s 2

𝑎𝑦 = −9.8 m/s2

𝑡=

𝑡=

We still don’t have enough information in the x-direction to find velocity. We need to
find the time first, which we can do using the information about the motion in the vertical
direction. Based on what we know (position, initial velocity, acceleration) and what we are
trying to find (time), the best equation is the first one:
1
1
Δ𝑦 = 𝑣𝑖,𝑦 𝑡 + 𝑎𝑦 𝑡 2 = 0 + 𝑎𝑦 𝑡 2
2
2
The first term here goes to zero because the initial vertical velocity is zero. Solving for time and
plugging in values gives:
2Δ𝑦
2(−1.00m)
𝑡=√
=√
= 0.45 s
𝑎𝑦
−9.8m/s2

44

Video Analysis: Student Reader

This time can now be used in the horizontal equations to solve for initial velocity:
1
Δ𝑥 = 𝑣𝑖,𝑥 𝑡 + 𝑎𝑥 𝑡 2 = 𝑣𝑖,𝑥 𝑡 + 0
2
The second term goes to zero here because the horizontal acceleration is zero. Solving for initial
velocity and plugging in values gives:
Δ𝑥 1.33m
=
= 2.96 m/s
𝑡
0.45s
In summary, there are several pieces of information that might be assumed about the
systems we are studying. Read the problem closely before deciding if any of these apply before
you start plugging numbers into an equation.
𝑣𝑖,𝑥 =

Language
Object is in free fall

Assumption
𝑎𝑥 = 0 m/s2
𝑎𝑦 = −9.8 m/s2

Object is dropped

𝑣𝑖,𝑦 = 0 m/s

Object rolls off a horizontal surface

𝑣𝑖,𝑦 = 0 m/s

Find Maximum Height

Vertical velocity is zero at the
top of the trajectory

Table 3: Common Assumptions made in 2-D Kinematics Problems
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Reading: Vectors
Several of the parameters used to describe motion, such as position, velocity, and
acceleration, are quantities defined as vectors. This means they have both a magnitude (the
numerical value) and a direction. In one-dimensional motion, the direction is typically given by
the sign of the value. Positive is up, while negative is down. Right is positive, left is negative.
When we encounter motion in two dimensions, things get trickier. The direction of the
vector can be represented by an arrow that points in that direction, or with an angle (usually
measured relative to the horizontal). For many of the problem solving techniques in physics,
including kinematics, the equations can be applied in either the horizontal or the vertical
direction, so we need to break each vector up into its horizontal and vertical components before
we can use the equations.
Another possibility is that we want to make a prediction about an aspect of the motion
(e.g. velocity) at some point in the future. This means we solve the kinematics equations in each
direction, and then need to combine the results to find the final total result.
A third way we will need to do vector math is to add vectors together. This could happen,
for example, if I’m looking for the speed of an object relative to another moving object. Each of
these scenarios is described below.
Breaking vectors into components
The initial velocity of an object is often stated as a magnitude and direction, such as “A
football is kicked with a velocity of 10 m/s, 30o above the horizontal.” To use the kinematics
equations, you need to use trigonometry to break this velocity into the horizontal and vertical
components. The basic rules of trigonometry are shown below. A good mnemonic for
remembering this is soh-cah-toa.
sin 𝜃 =

𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒
ℎ𝑦𝑝𝑜𝑡𝑒𝑛𝑢𝑠𝑒

cos 𝜃 =

𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡
ℎ𝑦𝑝𝑜𝑡𝑒𝑛𝑢𝑠𝑒

tan 𝜃 =

𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒
𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡

⃑⃑, this means we can solve for 𝐵𝑦 and 𝐵𝑥 :
For vector 𝐵
𝐵𝑦
→ 𝐵𝑦 = 𝐵 sin 𝜃
𝐵
𝜃
𝐵𝑥
cos 𝜃 =
→ 𝐵𝑥 = 𝐵 cos 𝜃
Bx
𝐵
Note that the equations above are based on the location of the angle. If you were given
the other angle in the right triangle, the “opposite” and “adjacent” sides would be switched. To
be safe, always start with soh-cah-toa; don’t assume that the x-direction vector is always cosine
and the y-direction is always sine.
⃑⃑
𝐵

By

sin 𝜃 =

Finding the total vector
If you are given, or find, the horizontal and vertical components of a vector, you can
work backwards to figure out the magnitude and direction. For example, this could happen at the
end of a problem where you have been asked to find the final velocity of the projectile. In this
case, you could use the Pythagorean Theorem to find the hypotenuse:
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𝑎2 + 𝑏 2 = 𝑐 2
Or if we apply this to our triangle above:
𝐵𝑥2 + 𝐵𝑦2 = 𝐵 2
To find the angle of the vector, we can now use the tangent function:
tan 𝜃 =

𝐵𝑦
𝐵𝑦
→ 𝜃 = tan−1 ( )
𝐵𝑥
𝐵𝑥

Remember to always report your final velocity answer as a magnitude and direction.
Adding vectors
Adding vectors requires that we put all of the above pieces together. First, you must find
the components of each of the two vectors, using soh-cah-toa:
A

Ay

B

By

Bx

Ax

Then, add the components together. Add x-components to find the resultant in the x-direction Rx.
Add y-components to find the resultant in the y-direction Ry:
𝑅𝑥 = 𝐴𝑥 + 𝐵𝑥 + 𝐶𝑥 + ⋯
𝑅𝑦 = 𝐴𝑦 + 𝐵𝑦 + 𝐶𝑦 + ⋯
Now you can use Pythagorean Theorem to find the magnitude of the total resultant R.
You can use tangent to find the angle, as above. Again, remember to report your final result as
both a magnitude and direction.
𝑅 2 = 𝑅𝑥2 + 𝑅𝑦2
B

A

By

B

Bx
Ay

=

Ax

A

Ax

R

Bx

By
R
Ay

Ry

=
Rx

Figure 1: Diagram of the vector addition process. First, break the vectors into components. Second, add the
horizontal and vertical components together. Finally, use the Pythagorean Theorem to find the resultant.
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Reading: Projectile Motion Problem Solving
Projectile motion problems can seem overwhelming at first because there are so many
different parameters to keep track of. A template for problem solving is given on the last page of
this reading, and can be a useful tool to use when you are working through problems. We’ll
discuss each step here.
Step 1: Read the problem
This may seem obvious, but it is critically important. (Particularly on exams, where many
mistakes are due to people reading too quickly and missing critical information in the problems.)
As you read through the problem, you may wish to make notes or underline important
information. If the problem you are working on is in a book or presented on a power point, you
will want to write the problem down in your notebook so that you can refer back to it. Your notes
are not useful if you don’t know what problem you were solving!
Step 2: Draw a picture
Visual representations can help you to conceptualize what the problem is asking. Even a
quick sketch can help you to make some initial predictions about what your answer should be.
For example, if a ball is launched off a cliff, you know that the final velocity should be pointing
downward.
Step 3: Label all quantities and choose a coordinate system
On your diagram, label the quantities that are given in the problem. This could be the
displacement (how far the ball has travelled), initial or final velocities.
At this time, you also need to decide on a coordinate system. Most students prefer to use
a coordinate system in which up is positive in the y-direction and right is positive in the xdirection. Either coordinate system will work, but you need to decide now how you will define
positive and negative. Make sure the values you recorded on your diagram accurately reflect
your coordinate system.
For example, if the ball is launched off a cliff that is 10 meters high and you choose a
coordinate system where up is positive, you will want to record that displacement as -10 m on
your diagram.
Step 3: Write all known and unknown physical quantities
At this point, make a list of all the quantities that you might be given in the problem or
want to predict about the system. Try to put a number in the list for each known quantity, and a
question mark if you don’t know the value. To do this, you will need to choose what initial and
final moments in time you are using. For instance, the initial time might be the moment right
after a ball is thrown, and the final time could be when the ball is at the top of its flight. Take the
information from the problem and your diagram and sort out which information is about the
motion in the x-direction, and which information is related to motion in the y-direction. Usually,
you will also need to search the problem for “hidden information.” For example, if the object is
in free fall, then we can write the acceleration of the object. If it is “dropped” then this initial
velocity is zero. At this point, you may have to break the velocity (or other parameters) into the
horizontal and vertical components using trigonometry.
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Step 5: Write the relevant equations
Write down any equations that you think might be useful. It is not always immediately
obvious which one you will need to use, so I would recommend writing down all three
kinematics equations. You can learn something new about the system from these equations, but
only if there is only one unknown in the equation. Identify the equation or equations that contain
the quantity you are trying to find. If an equation has only one unknown quantity, then you can
use it to solve for that quantity. Often times, there will be two unknowns. In this case, you will
have to find a second equation to determine one of those unknowns.
Step 6: Solve the equations for the unknown variable
Most students want to jump right to plugging number into an equation. This is not
recommended because it is too easy to make mistakes and your instructor may have difficulty
telling what you are thinking. If your instructor can’t tell what you are thinking, what are the
chances that you can figure it out weeks from now when you go to study for an exam? (Writing
everything out is also in your best interest because it’s hard to give partial credit if we don’t
know what you are thinking.)
After you have written down the equation you want to use, algebraically solve it for the
unknown variable. Be sure to write out the algebra before you plug in any numbers. Then if you
make a mistake, you can easily see whether it was a mistake in solving the equation or a mistake
in entering numbers. Get in the habit of doing this for easier problems, and it will benefit you
when you get to more difficult problems.
Step 7: Plug in known variables and solve
Now you can plug in the numbers and solve your equation. You may need to repeat Steps
6 & 7 if you still haven’t found the parameter they asked for. For example, sometimes you need
to find time before you can find the final velocity.
Step 8: Does your answer make sense?
Always do a reality check of your final answer. If the ball is kicked by a soccer player,
the final velocity should not be 67 million m/s. Also make sure your final answer agrees with
your diagram. If you have the final velocity pointing down and to the right, make sure that the
signs of your final velocity vectors reflect that.
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Problem Solving Steps for Projectile Motion Problems
Step 1: Read the Problem
Step 2: Draw a Picture

Step 3: Label all quantities and Choose a
Coordinate System

Step 6: Solve equation for unknown
variable

Step 4: Write down known and unknown physical
quantities
x-direction

y-direction

Δ𝑥 =

Δ𝑦=

vix=

viy=

vfx=

vfy=

ax =

ay =

t=

t=

Step 5: Write relevant equations
x-direction

Step 7: Plug in known variables and
solve

y-direction
1

1

Δ𝑥 = 𝑣𝑖𝑥 𝑡 + 2 𝑎𝑥 𝑡 2

Δ𝑦 = 𝑣𝑖𝑦 𝑡 + 2 𝑎𝑦 𝑡 2

𝑣𝑓𝑥 = 𝑣𝑖𝑥 + 𝑎𝑥 𝑡

𝑣𝑓𝑦 = 𝑣𝑖𝑦 + 𝑎𝑦 𝑡

2
2
𝑣𝑓𝑥
= 𝑣𝑖𝑥
+ 2𝑎𝑥 Δ𝑥

2
2
𝑣𝑓𝑦
= 𝑣𝑖𝑦
+ 2𝑎𝑦 Δ𝑦

Step 8: Check you answer. Does it make sense??
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Lab: Modeling Projectile Motion
In this activity, you will design an experiment to find the launch velocity of a projectile using the
materials given below, and then use your knowledge of projectile motion to launch a ball and hit
a target.
Part 1: Measure Launch Speed
First, you will need to determine the velocity of a ball being
shot from the projectile launcher. You will then carry out your
experiment and answer the following questions.
Materials
Meter stick
Masking tape
Computer paper & Carbon Paper
Projectile Launcher
Stopwatch

Helpful equations:
1
Δ𝑥 = 𝑣𝑖𝑥 𝑡 + 𝑎𝑥 𝑡 2
2
𝑣𝑥 = 𝑣𝑖𝑥 + 𝑎𝑥 𝑡
1
Δ𝑦 = 𝑣𝑖𝑦 𝑡 + 𝑎𝑦 𝑡 2
2
𝑣𝑦 = 𝑣𝑖,𝑦 + 𝑎𝑦 𝑡

Hints to get started
1. Make sure the projectile launcher is securely clamped to the table.
2. Take note of the protractor on the side of the launcher. This is how you can tell at what angle
the launcher will shoot.
3. The cross hairs on the side of the launcher indicate the center of the ball when it is launched.
Make all measurements to this point.
4. The magnitude of the launch velocity of the ball stays the same, regardless of the launch
angle.
5. For marking where the projectile lands, the carbon paper should be placed on top of the
computer paper. Tape it to the ground to make sure that the paper doesn’t move when the
projectile hits it.
Questions
1. Write a step-by-step procedure for determining the velocity of the ball. Look at the
kinematics equations if you need some ideas. Remember the independence of the horizontal
and vertical directions. You will probably want to make multiple measurements and take an
average. Hint: What can you control about the launcher that might simplify the system?

Have your experimental plan checked by the instructor before you begin taking data.
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2. Perform your experiment and record the data below.
3. Does the ball always land in the same place? How do you decide where to measure to?

4. Calculate the launch velocity of the ball based on your measurements.

Part 2: Construct a Mathematical Model
1. Choose an angle at which you will launch your ball. (Angles must be less than 90o).
2. Use the kinematics equations to predict where the ball will land. Show your work.

3. Use the Excel file “Projectile Motion Lab” (posted on Blackboard) to simulate the path of the
projectile and calculate the range of your projectile. To build your model, it will help to
rewrite the kinematics equations from the first page in terms of the initial conditions:
1
𝑥(𝑡) = 𝑥𝑖 + 𝑣𝑖𝑥 𝑡 + 𝑎𝑥 𝑡 2
2
1
𝑦(𝑡) = 𝑦𝑖 + 𝑣𝑖𝑦 𝑡 + 𝑎𝑦 𝑡 2
2
The template has places for you to enter your initial conditions and the angle of your launch. The
time column is filled in. It is your job to fill in the columns for the horizontal and vertical
position of the ball. You can do this by using Excel to do the calculations for each point in time.
Below are some hints for doing calculations in Excel:
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•

To enter an equation, click in the cell and type an equals sign (=) followed by the
calculation you want it to do.

•

You can click in another cell to use that value in the calculation. To do many
calculations, you will want to fill the equation down the column. The easiest way to do
this is to hold your mouse over the bottom righthand corner of the cell with the equation

Video Analysis: Student Reader

in it. It will turn into a black cross-hair that you can drag down. This will fill the equation
into all of those cells.
•

When you fill down, the default is that cells referenced in the equation will move down
as well. This is what we want it to do for the time value; each row will use a larger value
for the time than the previous row.

•

To reference the same cell in every calculation, you must put dollar signs in front of the
letter and number in the cell reference it (e.g. if you want to use the value in A4 over
again type $A$4). Do this for values that are the same in each calculation, like your initial
conditions.

4. You now have a used a mathematical model to create simulated data for how you expect the
projectile to behave!
5. Use this data to make a graph of horizontal position vs. vertical position. This shows a map
of the predicted path of your projectile. Based on the graph, where do you expect it to hit the
ground?
6. Make a graph that shows both x and y position vs. time. You can put both the vertical
position and the horizontal position on one graph by using the “Select Data” feature. If you
are unsure how to do this, ask the instructor. How can you use this graph to predict where the
ball will land? Does your prediction agree with what you determined from the graph in #5?

7. How does this compare to the value you calculated using the kinematics equations? If they
aren’t the same, then check your calculations and your computer model for errors. Make sure
they agree before you continue.
8. If I had you change the initial conditions of the problem (e.g. velocity, angle, height oh
launch), would it be easier to make a new prediction with a pen and paper calculation, or
using your computer model? Explain.

Part 3: Test your Predictions
1. Place your target and alert the instructor when you are ready to shoot.
2. How does your predicated flight path compare with the data from the real launch? Calculate
your percent error between the actual range and the predicted range.
% 𝑒𝑟𝑟𝑜𝑟 =
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|𝑎𝑐𝑡𝑢𝑎𝑙 − 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑|
× 100%
𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡
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3. What were sources of error? What could account for any differences?

4. Is our model an accurate description of this motion? Explain.

5. What are the limitations of your mathematical model? What assumptions did you make?

6. At what angle will the range of the launcher be the greatest? Use your model in Excel to
justify your answer.

7. How does your answer to #6 change if you are launching on level ground (rather than off the
edge of the table)?

8. Draw a sketch of the path of the projectile. What shape is this?

9. On your sketch, draw arrows to indicate the direction of the velocity and the acceleration at
various points on the path.
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Reading: Representations of Motion
A scientific model is a description or explanation of a particular phenomenon. Scientific
models can take many forms, but what they have in common is an ability to describe a system
and make predictions about how that system will behave. When we use the word model in
science, we are referring to a conceptual model or an explanation, not a physical model (e.g. a
plastic model of the solar system). A model is also a way for scientists to generalize an
observation made of a particular system to make predictions not just about how that system will
behave in the future, but to predict the behavior of other similar systems. For example, an
observation of a basketball in free fall (e.g. a free throw) could be used to make a prediction
about how the path a volleyball would take after being served.
How does this relate to our video analysis project? Unless we have a very boring object
that we are tracking, the position will be changing over time. Our goal is to build a model that
can fully characterize that motion. This model can be used not only to describe the past motion
of the object, but to make predictions about how it will move in the future. This conceptual
model could be represented in a variety of ways:
•

Verbal description. In words, describe the motion, being as specific and precise as
possible. For example, “The train travelled east at 62 mph for 100 miles. At that point, it
neared a major city and slowed down to 30 mph over a period of twelve minutes.”

•

Dot diagrams and vectors. The “dot diagram” (or motion diagram) is a visual
representation of the motion, and shows how the position changes over time with respect
to some origin. Position vectors can be drawn from the origin to the dot for each point in
time. Displacement vectors can be used to represent the change in position during a given
time interval

•

Graphical representations. A graph is one of the physicist’s favorite ways to represent
motion. Once you are fluent in reading graphs, a quick look can tell you a lot about the
motion of a system.

•

Mathematical representations. Once we have plotted the position data on a graph, we
could use an equation to fit the data. This gives a mathematical representation of how the
position changes with time, which allows us to make predictions about where the object
might be at a future point in time.

The goal for this unit is that you are able to fluently move back and forth among these
different representations. On the following pages is an example of how we can use these various
representations to describe the motion of an object. In this case, we look at the example of a bat
being swung around in a circle. This is the type of analysis that we expect you to do for the final
project of this unit.
In particular, we want you to determine whether or not the kinematics equations can be
applied to the object you study. This means you will need to gather enough data to demonstrate
whether or not acceleration is constant during the object’s motion. Note that the acceleration
could be constant in one direction but not in the other, so you will have to do the analysis for
both the horizontal and vertical part of the motion.
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Verbal Description
We analyzed a video of a group member swinging
a bat around in a circle, taken from the side. The end of
the bat moved in both the horizontal and vertical
directions. In the horizontal direction, it first moved to the
right, then when the bat was horizontally oriented, he
swung it back to the left, and finally back to the right until
it reached the starting position. In the vertical direction,
the bat moved upward until reaching the top of the motion,
and then swung back down to the starting position.
Motion Diagram
We chose to track the end of the bat in the video,
which travelled around in a circle. First, we tracked a few
revolutions of the movement, and produced a motion
diagram (Figure 1). The points were tracked starting at the
bottom of the swing, which was the start of the motion.
The motion diagram shows that the object moves in an
oval path. Also, since the dots are not evenly spaced, it
appears that there is some variation in the speed, with the
end speeding up and slowing down.

Figure 1: Motion Diagram of Bat
Swinging in a Circular Motion

Vector Diagram
Figure 2 shows the horizontal and vertical vectors for the first part of the motion. Note
that for the horizontal motion (2a), the arrow begin at the zero point on the x-axis (which is the
vertical axis). The vertical position vectors (2b), are drawn relative to the zero of the y-axis.

Figure 2:(a) Vector Diagram of Horizontal Position
of Bat (shown in red)
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(b) Vector Diagram of Vertical Position of Bat
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Graphical Representation
To get different picture of how the motion progresses, we created a graph of the xposition and y-position as a function of time, with the coordinate system defined as shown in
Figure 1 above.
The x-position makes a relatively smooth curve, with the object moving right, then
stopping, speeding up to the left, stopping again, and moving back toward the center. The yposition shows the bat moving up and then back down. Both graphs appear to have some places
where the object moved very little in some time increments, and more in others. This is likely
due to the difficulty of seeing the blurred bat in each frame of the video.

Figure 2: Horizontal (red) and vertical (green) position vs.
time graph for the swinging bat.

In any case, this motion does not appear to be a straight line nor parabolic, which means
the kinematics equations for constant acceleration do not apply. This result should be expected.
This is not an object falling freely under the effect of gravity, but being tugged around by a
group member and the acceleration is not constant, since the person’s pull on the bat keeps
changing direction.
It appears that the x-position might follow a sine function. To test this we fit the data to a
sine curve as shown in Figure 3. The fit seems like it would make reasonable predictions fot the
position of the bat, but more data would be useful to evaluate how good of a model this is to
predict the motion of the bat.
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Figure 3: An attempt to fit the position vs. time graph with a
sine function.

Figure 4 shows the graph of
the horizontal and vertical velocities
as a function of time. In the horizontal
direction, the graph tells the story of
an object that moved to the right
(positive velocity), speeding up, then
slowed down, sped up to the left
(negative velocity), turned around and
sped up to the right. In the vertical
direction, we see that the object
moves upward, then slows down and
moves downward with increasing
speed.
You may notice that the data
is not completely smooth. There is
“noise” in the data. This is due to a
combination of factors. One is related
to how well we tracked the points in
the first place, which could be due to
the quality of the video and/or how
careful you were about always
tracking the exact same point on the
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Figure 4: Horizontal (blue) and vertical velocity (pink) as a function
of time for the swinging bat.
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object. Another factor is how the software calculates velocity based on the position
measurements. Any slight measuring errors in the position are magnified in the velocity graphs.
For this reason, the acceleration graphs are typically too noisy to gather any useful information.
We will have to find other ways to determine the acceleration of the object.
Mathematical Model
The equation that fits the data is called an empirical model. Above, we suggested that the
horizontal position looks sinusoidal. (In physics, this is called harmonic motion and will be
covered later in the course.) To check whether the sinusoidal fit was accurate, we continued the
tracking through another two revolutions, and the pattern does seem to continue (Figure 5).

Figure 5: Best-fit curve for the horizontal position vs time graph is a sinusoidal curve.

We can use the best fit curve to build an empirical model that predicts the motion of the
bat. From the graphing software, we can read off the best fit curve:
𝑥(𝑡) = 𝐴𝑠𝑖𝑛(𝜔𝑡 + 𝜙) + 𝐶
𝑥(𝑡) = 1.10 sin(4.24𝑡 + 4.30) − 0.043
Where A is the amplitude of the sine curve, 𝜔 is called the angular frequency, 𝜙 is the phase
shift, and C is the average point on the vertical axis that runs through the middle of the sine
wave. The values for each of the parameters are plugged into the equation on the second line.
Even if you don’t know what all of those parameters mean, you could plug in a time in the future
and use the equation to predict the location of the bat at that point in time. The important thing to
notice is that this motion is that we can describe it with a mathematical model that can make
predictions, even if we aren’t sure why it is behaving in this way.
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Video Analysis Project
Your Task
Make a short video of some kind of motion (e.g. throwing a ball, jumping), and use the tools we
have developed in this unit to describe that motion. Your final report will include each of the
following representations of motion.
Examples of motions you could study:
•

Hitting a whiffle ball

•

Air pucks

•

Projectile launchers

•

Carts on tracks

•

Dropping coffee filters

Part 1: Representations of Motion
1. Dot diagrams and vectors. Use the video to make a dot diagram showing how the position
changes over time. Explain how you decided where to draw the dot; which part of the object
was the most important to follow? Draw displacement and velocity vectors on the dot
diagram for each time interval.
2. Verbal description. In words, describe the motion. Be as specific as possible. You may wish
to do this in conjunction with the graphs.
3. Graphical representations. Create position and velocity graphs based on your video. You
will have four graphs total; two for the horizontal motion and two for the vertical motion.
(Are the acceleration graphs valid for your motion? Why or why not?)
4. Mathematical representations. What equations work well to fit the graphs of the motion of
your object? Write the equations describing how position changes with time in both the
horizontal and vertical directions (i.e. x(t) = …. And y(t)=…….). Write the equations
describing how velocity changes with time in both the horizontal and vertical directions.
Part 2: Making an Argument
There are two ways to build mathematical models in physics:
•

Theoretical models start with basic physics principles and make some assumptions about
a system to derive an equation.

•

Empirical models start with data and use the data to find an equation that describes the
system.

What you have just done is derived an empirical model for the motion of your object. That
means it is based on experimental data, and not derived from fundamental physics principles. We
want to compare this to the kinematics equations for constant acceleration that we derived in
class. To do this you will need to compare the theoretical and empirical models, and examine the
assumptions and limitations of each.
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The fundamental question we want to answer is:
Are the kinematics equations a good model to describe this motion?
To answer this question, you will need to build an argument based on the data you have
collected. Structure your argument using the Claim-Evidence-Reasoning framework. Make a
claim, support your claim with evidence from your video analysis, and clearly explain your
reasoning. Your claim will either be “Yes, the kinematics equations are a good model to describe
this motion.” Or “No, the kinematics equations are not a good model to describe this motion.”
Note that you can make different claims for the horizontal and vertical motions of your object.
Some things to keep in mind when you are shooting your video:
•

You will need to know the length of some object in the movie so that you can set the
scale for your measurements. The easiest way to do this is to place a meter stick in the
field of view. Make sure that the meter stick is in line with your motion so that you do not
introduce calibration errors.

•

Try to keep all motion in a plane parallel to the camera to avoid parallax effects.

•

Don’t zoom in on the motion; keep the camera the same distance from the object at all
times.

Watch this tutorial for help with video analysis:
•

https://www.youtube.com/watch?v=ec_ycyD4fGw
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Video Analysis Assessment Rubric
Criteria

Points
Earned

Verbal Description
• In words, describe the motion. Be as specific as possible.
• Explain what part of the motion you used in your analysis.
• Use physics terms appropriately.
Diagrams
• Include dot diagram from tracking in computer software.
• Draw a position vector diagram
• Draw a velocity vector diagram
• Origin and coordinate system are clearly defined.
Graphical Representations
• Describe the graphs in words. Comment on the consistency
between the position and velocity graphs.
• Position vs. time graphs in x and y directions
• Velocity vs. time graphs in x and y directions
Mathematical Representations
• Equations describing how position changes over time in x and y
directions
• Equations describing how velocity changes over time in x and y
directions
• Determine initial velocity in each direction based on the
mathematical models.
• Determine acceleration in each direction based on the
mathematical models (if possible)
• Explain any limits to the models (e.g. holds for a particular time
interval)
Argument: Can the kinematics equations be used to study this motion?
• Clearly state your claim
• Compare the empirical model to the theoretical model
• Provide evidence from your video analysis to support your claim
• Explain your reasoning
TOTAL
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Points
Possible
10

10

10

10

20
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