SCIENCE IN ACTION
Modules for Introductory Physics

ORIBITAL
MECHANICS
STUDENT READER & LAB MANUAL

Rachael Lancor & Brian Lancor
EDGEWOOD COLLEGE
MADISON, WI

Orbital Mechanics: Student Reader

1

Orbital Mechanics
This unit explores the basics of orbital mechanics, including gravitation and
circular motion, with the goal of building mathematical models that can be used
to understand how we launch rockets into space. We’ll also study the history of
models of the solar system to learn how the heliocentric model was developed
as an example of how scientific thinking changes over time. The project for this
unit requires you to act as a rocket scientist and make a proposal to launch a
mission to an object in the solar system.
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Tutorial: Early Models of the Solar System
Since ancient times, people have been fascinated with the motions of the stars. Early astronomers
studied patterns in the movements of the stars across the night sky. The patterns helped early
astronomers to navigate, to predict astronomical events such as the summer and winter solstice,
and to determine when to plant crops based on seasonal flooding. In this tutorial, we’ll replicate
some of these observations and use the observations to build a model for the solar system.
To complete this tutorial, you will have to download the Stellarium software from the following
website: http://stellarium.org/.

Part 1: Making Observations
1. When you first open Stellarium, it will default to the current time and
location. Zoom out until you can see the entire sky. It will look like a
circle.
2. Go back in time until you find sunrise. To change the time or date, click
on the clock icon on the left-hand side (as shown circled in red, at right).
A window will pop up like the one below. You can use the arrows to
adjust the date and time.

Note the time of the sunrise.
3.

To find the exact location of the sunrise, it will be helpful to turn on the
“equatorial grid” using the button on the bottom of the screen. This will tell you the location
using an angle, which is more precise than just saying North or East.

4. Go ahead to one hour after sunrise and continue jumping ahead by one hour until you reach
sunset. Note the path of the sun and stars through the sky.
5. Continue to jump ahead by hours through the night. Notice how the stars move through the
sky.
6. Record the approximate time of the sunrise and sunset. If you click on the Sun, you will see
its stats on the left of the screen. Record the Azimuthal angle (labeled Az./Alt.) where the sun
is located at sunrise and sunset.
7. Jump ahead one month and repeat the above exercise. Jump ahead by months until you have
observed for one year. Record your data in the table on the next page.
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Date

Sunrise Time Sunrise Direction

Sunset Time

Sunset Direction

8. Now imagine that you are an astronomer in ancient Greece. What conceptual model could
you build based on these observations about the relative motions of the earth, the sun, and the
stars? Be specific about the relative motion of these objects. Make additional observations
using Stellarium, if necessary.

9. What features of your model would help you to predict seasonal changes (e.g. the equinox or
solstice)? Make additional observations using Stellarium, if necessary.

10. What features of your model would help you to navigate while at sea? Make additional
observations using Stellarium, if necessary. (Hint: Find the North star and watch how its
location changes over the course of the evening.)
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Locate a planet that is currently visible in the night sky. You can do this by searching using the
magnifying glass icon on the left side. If the planet is up during the day, it will look like there is
a red box around nothing. You can turn the sun off by clicking on the “Atmosphere” button at
the bottom of the screen. (That’s the one that looks like a cloud.)

11. Track the planet across the sky over several nights. You will want to zoom in so that the sky
fills the screen (and does not look like a circle) to make this observation. How does it move
relative to the stars? How does it move relative to the sun and the moon?

12. Repeat the exercise with a different planet. How can you modify the conceptual model you
wrote above to include planets?

13. Sketch your model of the solar system, using these observations. Do not rely on your modern
understanding of the solar system that you may have learned in school.

6

Orbital Mechanics: Student Reader

Based on data similar to what you have just
observed, early astronomers developed
the Celestial Sphere Model. In
this geocentric model, the Earth was the center of
the solar system, and the Sun, Moon and planets
orbited the Earth. The stars were all fixed on a
giant crystal sphere that rotated around the Earth.
In ancient times, five planets had been
identified (Mercury, Venus, Mars, Jupiter, and
Saturn). The idea that the moon, the sun, and the
planets were attached to perfect crystal spheres
was a fundamental part of the ancient’s
worldview. Some ancient philosophers believed
that the Earth is at the center because it is the most
important part of the solar system. Others
believed the opposite – the Earth was at the center
was because it was the lowliest position in the
universe, farthest away from the perfect heavens.
The diagram at the right is from a 16th century
text, but represents the model of the solar system
held by ancient Greek scholars.

Figure 1: A representation of Ptolemy’s Geocentric model
from a 16th century text (Image credit: Wikipedia)

14. According to your observations above, what direction does the sphere with the sun move
relative to the Earth?

15. What direction does the sphere of the planet you tracked move relative to the Earth?

16. Do the spheres move together or independently? At the same or different speeds? Explain.

Part 2: Testing the Model
1. Can you think of any astronomical observations or experiences you have had (as an
inhabitant of Earth) that cannot be explained by the celestial sphere model?
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In the celestial sphere model, the sun, moon, and planets all move in the same direction from
East to West across the sky. We’re going to test this observation using Stellarium.
2. Set the date to November 1, 2018 at 10:15 am and find Mercury. (You’ll have to turn off the
sun using the Atmosphere button.) Zoom out until you can see both Mercury and the Sun in
the field of view.
3. Advance the time by one day at a time up to November 18. How does Mercury move relative
to the sun? How does Jupiter move relative to the sun in this same time period?

4. Continue advancing the date to December 18. What changes about the behavior of Mercury?

5. Now continue on to January 18, 2019. Comment on the motion of the planet during this
month.

6. What you are observing is called retrograde motion. The planet appears to move backwards
relative to the other objects in the sky. Can the Celestial Sphere Model account for this
effect? Explain.

7. Propose a correction to the model that would account for this observation. Be creative!

8
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Part 3: Correcting the Model
Ancient astronomers were puzzled by the retrograde motion of the planets. (Fun fact: The
word planet means “wanderer” in ancient Greek because the planets appeared to wander around
the sky.) Claudius Ptolemy, a philosopher and mathematician from Egypt (which was then part
of the Roman Empire), wrote a famous book on astronomy called the Almagast in 147 AD. In
this text, he proposed a correction to the traditional geocentric model, where the planets would
move in small circles while also moving in their larger circular orbits around the Earth. These
little circles were called epicycles, as shown in Figure 2. The path of the planet resembles the
pattern you would get from a Spirograph toy.
To the ancient philosophers, the key to
understanding the heavens was geometric. The
heavens were perfect, created by God, so only perfect
geometric shapes like spheres and circles would be
appropriate to explain the motion of astronomical
objects.
Ptolemy’s model worked well to explain
retrograde motion and was adapted by many natural
philosophers and astronomers to make predictions
about when and where the planets and other
astronomical objects would appear. This was used for
predicting fortunes (astrology), as well as practical
applications like predicting seasons and navigation.
1. Trace the path of the planet (shown in red). At
what point does it appear to move backwards
relative to the Earth?

Figure 2: Epicycles were used to correct the geocentric
model to account for retrograde motion.
(Image credit: Weber University)

2. Astronomers have collected data that shows Mercury is in retrograde motion for three weeks,
3-4 times per year. Make a sketch of what the orbit would look like, using epicycles.

3. Venus only shows retrograde motion only every 18 months, but appears to move backward
for six weeks. How would the epicycles be adjusted for Venus, as compared to Mercury?
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4. The diagram below is from an 18th century text. Take a marker or colored pen and trace the
orbit of Venus. In a different color, trace the path of Mercury in a different color. How do
these orbits compare to what you drew above?

Figure 3: Diagram from a 1771 Encyclopedia Britannica showing the epicycles of Mercury and Venus, based on the
work of Cassini in the 1600’s. (Image credit: Wikipedia)
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As technology grew more and more
advanced, more precise data was
collected on astronomical objects. This
required modifications to be made to
Ptolemy’s model. Epicycles were added
on top of epicycles so that the
predictions made by the model could be
more and more precise, as shown in
Figure 4.
5. A scientific model is only useful if it
is intelligible to the people who want
to make the predictions. This model
became increasingly complex over
the years. Why were natural
philosophers unwilling to abandon
it?

Figure 4: Ibn al-Shatir's 14th century model for the appearances of
Mercury. (Image credit: Wikimedia)

Part 4: An Alternative Model
Although most ancient astronomers preferred Ptolemy’s model, some played with the idea of
moving the Earth out of the center of the solar system in order to explain retrograde motion. This
alternative model is called the heliocentric model, or sun-centered model.
1. Even if the astronomers had good evidence for this model, why would there be resistance to
adopting it? Think about the sociocultural factors that influence the development and
acceptance of new scientific ideas.
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To see how the heliocentric model explains retrograde motion, we will map out the motion of the
planets relative to one another on the diagram below. The Earth takes one year to travel around
the sun. Mars takes 1.88 Earth-years to travel around the sun. The diagram shows their relative
locations for a nine-month period.
Imagine you are standing on Earth looking up at Mars. On the diagram, the blue circle represents
the stars far in the distance (the “crystal sphere”). The dotted orange line shows where Mars will
appear relative to those stars.
2. Draw a line between Earth and Mars for each of the points drawn on the diagram to help you
visualize where Mars will be relative to the background stars.
Celestial Sphere

Mars

Earth
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Ancient astronomers did this same type of analysis, but rejected the model based on the
simple fact that it was implausible to them. The idea that the Earth would move such a great
distance (all the way around the sun) and at such a great speed seemed impossible to them, so
they continued to use the Ptolemaic Model. Also, the Ptolemaic Model, with all of its many
epicycles, made very good predictions, which made it extremely useful to farmers for predicting
seasons, astrologers for predicting fortunes, and sea captains for navigation.
A Polish aristocrat, Nicolas Copernicus (1473-1543), was the first to publish a
heliocentric model in 1543. He waited to publish until just before he died because he knew his
ideas would be controversial. His argument for the heliocentric model was mathematical
elegance and simplicity. He thought that the epicycle models had gotten too complicated.
Copernicus’s heliocentric model had the sun at the center and the planets orbiting the sun in
perfect circles. Although the Copernican Model did an adequate job at making predictions, it was
not as good as the Ptolemaic Model. For this reason, it didn’t gain too much attention until the
early 1600’s.
Galileo Galilei (1564-1642) was intrigued by Copernicus’s idea. Around this time, the
telescope had been invented. Galileo turned his telescope to the heavens and made a series of
important observations:
•

Sunspots: Through his telescope, Galileo observed dark spots on the surface of the sun.
This was significant because it showed that the sun is not a perfect surface. He also
observed the sunspots moving across the surface, which indicated the sun was rotating.

Image credit: Discoveries and Opinions of Galileo (1957)

•

Mountains on the Moon: The drawings shown here
were made by Galileo. He was the first to observe
mountains and craters on the Moon. This was more
evidence that the heavenly bodies were not as perfect
as previously believed. It the heavenly bodies were
imperfect, then maybe their orbits didn’t have to be
perfect circles either.

•

Phases of Venus: Galileo observed that Venus has
phases, just like the moon. This observation is
impossible to explain using the Celestial Sphere
model, where the Sun is always farther from the Earth
than Venus. However, if Venus is between the Earth
and the Sun, then we can explain why it has phases
(similar to how the Moon has phases).

Orbital Mechanics: Student Reader

13

•

Moons of Jupiter: Galileo also observed four moons of Jupiter with his telescope. This
demonstrated that another planet had objects moving around it, and that the Earth is not
unique in this regard.

All of these observations together made natural philosophers start to question the perfection of
the heavens and the uniqueness of the Earth. They begin to consider the Copernican Model more
closely. Galileo was a vocal proponent of the heliocentric model of the solar system. However, it
would take close to hundred years before the heliocentric model was fully accepted by the
scientific community.
3. Was the Ptolemaic model a bad model? Was Copernicus right? Explain your position on
each.

4. After Galileo provided evidence for the heliocentric model, what questions still remain to be
answered about the motion of celestial bodies in our solar system?

5. What does this story tell us about the way new scientific knowledge is generated? What does
it tell us about the development of scientific models?
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Reading: Uniform Circular Motion
Our study of orbital mechanics begins with circular motion1. According to the
Copernican model, planets move around the sun in perfect circular orbits. Why the planets move
in these orbits was unknown for about 100 years after Copernicus proposed his heliocentric
model. Isaac Newton was the first to recognize, in the 17th century, that the force that holds the
planets in their orbits is gravity, the same force that causes objects to fall near the surface of the
Earth.

Uniform Circular Motion
When move in circles, rather than straight lines,
it is helpful to introduce some new variables. Until
now, we have primarily been using Cartesian
coordinates (x, y, z), but now it will be more useful to
radial coordinates (r, 𝜃).

r

v
Δ𝜃

Uniform circular motion is motion where the
speed of the object does not change as it travels around
in a circle. Using our old system of variables, we could
say that the velocity is:
Δ𝑥⃑
Figure 1: Uniform circular motion. The
tangential
velocity is shown by the orange
Δ𝑡
vectors.
Where Δ𝑥 is the linear distance traveled. If the object is
traveling around a circle, the distance travelled in one orbit is the circumference of the circle
(𝐶 = 2𝜋𝑟). But sometimes the object does not complete an entire circle. For shorter distance
intervals, we can define the distance traveled as the arc length of the circle:
𝑣⃑ =

Δ𝑠 ≈ 𝑟Δ𝜃

(1)

Where Δ𝑠 represents the arc length, a generic distance traveled that is not necessarily in the xdirection, r is the radius of the circle and Δ𝜃 is the angle through which the object traveled
(called angular displacement). Velocity is defined as a displacement over time, so we can divide
both sides of equation (1) by Δ𝑡:
Δ𝑠
Δ𝜃
=𝑟
Δ𝑡
Δ𝑡
𝑣𝑡 = 𝑟𝜔
Where we have defined 𝜔 =
around the circle.

Δ𝜃
Δ𝑡

(2)

, which represents the angular velocity of the object as it moves

1

You might be thinking: Wait! I learned in elementary school that the planetary orbits are ellipses. Technically, you
are correct. The orbits of the planets are in fact ellipses. However, most of these ellipses are nearly circular, so we
will build our model for orbital mechanics on circular motion. As you know by now, a scientific model is always a
simplification of a system. We’ll start with a model where the planets travel in circular orbits, and then later examine
how the motion might be slightly different if the orbits are ellipses.
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Note that 𝑣𝑡 represents the tangential velocity (Figure 1). As an object moves around the
circle, its velocity is always directed tangent to the circle. The force holding the object in the
orbit is constantly pulling perpendicular to the direction of motion to maintain the circular
motion. Imagine you have a ball on a string that you are swinging in a circle. If you let go of that
ball (i.e. remove the force), the ball will travel in a straight line tangent to the circle due to the
inertia of the system.

Centripetal Acceleration2
To understand how objects accelerate when they move in circular patterns, we will walk
through an example of an object in uniform circular motion and study the changes in
instantaneous velocities.
Consider a car travelling at a constant speed along a circular track (see Figure 2). As the
car moves around the track, its speed is constant, but its direction is changing. At each location
along the track, the car will have a new direction, and therefore a new instantaneous velocity.
This change in velocity implies that there is an acceleration associated with circular motion. In
physics, the acceleration associated with uniform circular motion is called centripetal
acceleration.

𝑣Ԧ

𝑣Ԧ

𝑣
⃑⃑⃑⃑⃑⃑⃑⃑⃑⃑⃑⃑⃑Ԧ
𝑖𝑛𝑖𝑡𝑖𝑎𝑙

𝑣Ԧ

⃑⃑⃑⃑Ԧ
∆𝑣

𝑣
⃑⃑⃑⃑⃑⃑⃑⃑⃑⃑⃑Ԧ
𝑓𝑖𝑛𝑎𝑙

Figure 2: Diagram of a car moving around a circular track (left), and vector diagram of the change in
velocity (right).

To determine the direction of centripetal acceleration, we are going to use the first two
positions of the car on the track. Using vector addition, we can show that the change in velocity
between the first two instantaneous velocities points downward, as shown in Figure 1. This
implies that the acceleration due to this motion also points downward since change in velocity
and acceleration always point in the same direction. (This is shown mathematically in equation
(1).)
If you repeat this exercise for the exact same car on the second half (bottom half of the
semi-circle) of the track, you will notice that the centripetal acceleration will point upward. To
summarize, when an object moves in a uniform circular motion (moves in a circle with a
constant speed), the centripetal acceleration will point towards the center of the circle.
Newton’s second law explains that the linear net force acting on an object can cause an
acceleration. For the special case of circular motion, this net force is called a centripetal force:
Σ𝐹⃑𝐶 = 𝑚𝑎
⃑⃑⃑⃑⃑𝑐
2

(3)

Contributed by Kylee Martens.
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Where 𝐹⃑𝐶 is the net centripetal force, m is the mass, and ⃑⃑⃑⃑⃑
𝑎𝑐 is the centripetal acceleration.
Centripetal is a fancy word that means pointing towards the center of a circle. (Centrifugal means
pointing outwards, away from the center of the circle.) This relation implies that the sum of the
external forces (the net force) acting on an object MUST point towards the center if it is going to
generate uniform circular motion. Now that we have an idea of what causes centripetal
accelerations, let’s explore the variables that can affect centripetal accelerations.

Relationship to Speed and Radius
What determines the magnitude of the centripetal acceleration? Let’s begin our
investigation of variable dependence by studying the relationship between speed and centripetal
acceleration. Think about travelling in a car on a circularly curved section of highway. If the car
has a constant speed ((|𝑣⃑𝑓 | = |𝑣⃑𝑖 |) we can represent its motion and acceleration using the
following vector diagrams.

𝑎Ԧ =

⃑⃑⃑⃑Ԧ
∆𝑣
∆𝑡

Figure 3: Finding the centripetal acceleration for a car in uniform circular motion.

Now let’s see what happens to the acceleration if we double the speed of the car and then
have it move around the circle at this new speed:

𝑎Ԧ =

⃑⃑⃑⃑⃑⃑⃑⃑Ԧ
∆2𝑣
(∆𝑡/2)

= 4

⃑⃑⃑⃑⃑Ԧ
∆𝑣
∆𝑡

Figure 4: Finding the centripetal acceleration for a car in uniform circular motion with a velocity twice that shown
in Figure 3.

When an object moves twice as fast between the same two points on a circle, the magnitude of
the velocity change vector doubles. In addition, the object can travel the same distance on the
circle in half the time. Plugging these factors into the equation for acceleration shows that an
increase in acceleration by a factor of 4 is needed to keep the car moving in a circle at this
increased speed.
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Now let’s see what happens to the acceleration if we triple the speed of the car:

𝑎Ԧ =

⃑⃑⃑⃑⃑⃑⃑Ԧ
⃑⃑⃑⃑Ԧ
∆3𝑣
∆𝑣
= 9
(∆𝑡/3)
∆𝑡

Figure 5: Finding the centripetal acceleration for a car in uniform circular motion with a velocity three times that
shown in Figure 3.

When an object moves three times as fast between the same two points on a circle, the change in
velocity triple in magnitude. In addition to the tripling velocity, the object can travel the same
distance in one-third the time. This leads to the centripetal acceleration needing to increase by a
factor of 9 from that necessary to keep it moving in a circle at the initial speed.
Since we find that doubling the speed increases the centripetal acceleration by 4 times
and tripling the speed increases the centripetal acceleration by 9 times, we can infer that the
centripetal acceleration is proportional to the square of the speed.
𝑎 ∝ 𝑣2
This aligns with our daily experiences. If we think about a car moving on a circular ramp or
track, the greater the speed, the greater the likelihood that the car will skid off the road
(especially in winter).
To continue our test of variable dependence, we will look at the radius of the circle the
car is travelling through. Let’s use the same starting point as in the previous variable dependence
test. If the car has a constant speed of 𝑣0 we can represent its motion and acceleration using the
very first vector diagram (Figure 3).
Now let’s see what happens if we double to radius of the circle:

𝑎Ԧ =

⃑⃑⃑⃑Ԧ
⃑⃑⃑⃑Ԧ
∆𝑣
∆𝑣
=
(2∆𝑡)
2∆𝑡

Figure 6: Finding the centripetal acceleration for a circle with twice the radius as Figure 3.

When an object moves through a larger circle at the same speed, the change in speed remains the
same, however, the amount of time required to move from the initial point to the final point
(through the same change in angle along the circle) increase by two. As a result, the required
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acceleration is half the original. We could repeat this process for a circle with a radius three
times the size, just as before. We would find that the acceleration would be one-third the
original. Therefore, the dependence on the radius of the circle is
1
𝑟
By combining these two results, we can derive the equation for centripetal acceleration.
𝑎 ∝

𝑎𝑐 =

𝑣2

(4)

𝑟

We can check that the units work using dimensional analysis:
[𝑚2 /𝑠 2 ]
𝑚
= [ 2]
[𝑚]
𝑠
Since acceleration is a vector, we also must specify a direction. Recall earlier that we claimed
that all objects that move uniformly in circular motion accelerate towards the center of the circle.
Therefore, the directionality for this acceleration is “inward” or “towards the center.”

Gravitation and Orbits
So far we have investigated everyday examples of circular motion, but we can also make
use of circular motion to study the orbits of stars, planets, the moon, and satellites. Let’s begin
our analysis of circular motion and orbits by studying free body diagrams of the Earth and the
Sun. Our free body diagram for the Earth will consist of the gravitational force between the Sun
and the Earth; the same will hold for our free body diagram of the Sun. The only forces that are
relevant when discussing orbits are the gravitational effects caused by other celestial bodies.
Newton’s Universal Law of Gravitation states that the force of gravity between two
objects can be given by the product of the masses divided by the distance of separation between
the objects squared:
𝐹Ԧ = 𝐺

𝑚1 𝑚2
𝑟2

𝑟̂

(5)

where 𝐺 = 6.67 × 10−11 Nm2 /kg 2 , the universal constant of gravitation, 𝑚1 and 𝑚2 are the
masses of the two objects involved, r is the distance between the center of masses of the objects,
𝑟̂ (r-hat) is a “unit vector” and defines the direction that the force is pointing. A unit vector
always has a value of one (unit is another word for one), so you don’t have to plug anything in.
Gravity is always an attractive force (a game of tug-of-war), and so the force always points along
the line connecting the two objects.

𝐹 𝑆𝑢𝑛,𝐸𝑎𝑟𝑡ℎ

𝐹𝐸𝑎𝑟𝑡ℎ,𝑆𝑢𝑛
Figure 7: Free body diagram of the forces acting on the sun and earth.
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Note that the gravitational forces on the two objects are a Newton’s 3rd Law pair. The
force that the Sun puts on the Earth is equal and opposite to the force that the Earth puts on the
Sun. The mass of the Sun is so great that the acceleration of the Sun due to the Earth is
negligible, so we will ignore it. This means that we will make the assumption in our models that
the Sun is stationary, and the Earth rotates around it. (If we had two bodies with similar masses,
they would circle around each other and we would not be able to make this approximation.)
Recall that the gravitational force for objects near the surface of the Earth is calculated
using 𝐹Ԧ = 𝑚⃑⃑⃑Ԧ.
𝑔 Although it may not be obvious, this relationship is consistent with equation (4).
If you plug in the values for the mass of the Earth, the distance from the object to the center of
the Earth (i.e. the radius of the Earth), and G, then you will get:
𝑚𝑒
m3
5.97 × 1024 kg
−11
𝑔 = 𝐺 2 = (6.67 × 10
)(
) = 9.8 m/s2
(6.36 × 106 m)2
𝑅𝑒
kg ∗ s 2
Newton’s great insight was to connect the acceleration of objects on the surface of the
Earth to the force keeping planets in their orbits around the sun. He described his theory in a
famous thought experiment. Imagine that you shoot a cannonball off of a mountain top. It will
fall to the Earth with a parabolic trajectory. If the initial velocity is higher, then the ball will
travel farther. If the velocity is high enough, then the curvature of its path will match the
curvature of the Earth’s surface and It will never land, as shown in Figure 8. (Note that this is not
realistic due to the friction of objects moving through the Earth’s atmosphere.)
This was a significant revelation for the 17th century. At the time, it was believed that
different scientific laws applied to the heavens and the earth. Newton’s Law of Universal
Gravitation marked the first step towards seeing physics as a set of underlying principles that
describe the workings all of the natural world, including the heavens.

Figure 8: Newton’s thought experiment of launching a
cannonball off a mountain. (Image credit: Wikipedia)
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Tutorial: Planetary Orbits
The gravitational force that holds planets in orbit around the sun was described by Isaac Newton
in his Law of Universal Gravitation:
𝑚1 𝑚2
𝐹𝑔 = −𝐺
𝑟2
Where G is the gravitational constant, which is equal to 6.67 × 10−11 Nm2 /kg 2 ; 𝑚1 and 𝑚2 are
the masses of the sun and the planet (or whatever two objects you are studying); and r represents
the distance between the sun and the planet (measured to the center of each object). The negative
sign indicates that the gravitational force is attractive and always points from one mass towards
the other. Typically, we choose a reference frame in which the sun is at rest at the origin, so the
force of gravity always points towards the origin.

Part 1: Uniform Circular Motion
To understand why this is the case, let’s look at another example of circular motion. Take a mass
on a string and gently swing it around in a circle. Be careful not to hit any of your classmates
with the mass!
1. What direction did you pull on the string to keep the mass in orbit?

2. In this analogy, what represents the sun? What represents the planet? What force is playing
the role of gravity?

3. Draw a free body diagram for the mass at each point in the orbit shown below. In what
direction is the tension pointing? (Neglect the gravitational force between the mass and the
Earth.)
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4. Look at the free body diagrams that you drew above. How would you describe the direction
of the tension force in each case (e.g. positive x-direction, negative y-direction)?

5. For an object in uniform circular motion, using the x and y components of the motion is
complicated. Is there an easier way to describe the direction of the force?

For circular motion, we typically describe the
motion in terms of the radial direction (going
in towards the center) and the tangential
direction, which is parallel to the direction of
motion. The net force in the radial direction is
also known as the centripetal force, meaning
that it points in towards the center. (A force
pointing outward is known as a centrifugal
force.) The acceleration that results from a
centripetal force is called the centripetal
acceleration. We can write Newton’s 2nd Law
in terms of the centripetal and tangential
directions:
Σ𝐹𝑐 = 𝑚𝑎𝑐

and

centripetal
tangential

𝑟

Σ𝐹𝑡𝑎𝑛 = 𝑚𝑎𝑡𝑎𝑛

6. In the activity you did above, is the tension force a centripetal force or a tangential force? In
the case of the Earth orbiting the sun, is gravity a centripetal force or a tangential force?

7. If there is a net force on a system, it means there must be some acceleration. Is there a net
force on the mass? If so, in what direction is the acceleration?

8. Planets can be considered to be in uniform circular motion. This model assumes that the
speed of the object is constant (uniform) and that the path of the orbit is circular. Is the
velocity constant in this situation? Explain your reasoning.

9. What would physically happen to a planet if the speed were not constant?
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Part 2: Acceleration
To find the acceleration of the planet, we need to consider how the velocity is changing.
As the planet moved through the orbit, the direction of the velocity changes, even if the
magnitude does not. As the planet moved around its orbit, the velocity is always pointing tangent
to the circle. Think about the mass on the string. This is the direction the mass will fly off when
you let go. (Don’t try this if you have a classmate sitting nearby.)
The diagram below shows the initial velocity (red) and final velocity (green) for a planet
orbiting the sun. If we line up the vectors and add in the change vector (see triangle at right), you
can see that the change in velocity points towards the center of the circle. If you are wondering
how we decided to line up the vectors, remember the vector math from earlier in the semester:
𝑣⃑𝑖 + Δ𝑣⃑ = 𝑣⃑𝑓
The definition of acceleration tells us that the change in velocity points in the same direction as
acceleration:
𝑎⃑ =

Δ𝑣⃑
Δ𝑡

𝑣𝑓

Δ𝑣
𝑣𝑖
𝑣𝑓

𝑣𝑖

𝑟

The centripetal acceleration can be calculated using the following formula (which was derived in
the reading):
𝑣2
𝑟
Where v is the speed of the object and r is the radius of the orbit.
𝑎𝑐 =

The fact that the planets are moving in nearly circular orbits means that we can use
Newton’s Law of Gravitation and this equation for centripetal acceleration to find the speed that
the planets are orbiting around the sun. Use data from the following table to do the calculations
below.
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MERCURY

VENUS

EARTH

MARS

JUPITER

SATURN

URANUS

NEPTUNE

PLUTO

Mass (1024kg)

0.330

4.87

5.97

0.642

1898

568

86.8

102

0.0146

Average
Distance from
Sun (106 km)

57.9

108.2

149.6

227.9

778.6

1433.5

2872.5

4495.1

5906.4

Orbital
Period (days)

88.0

224.7

365.2

687.0

4331

10,747

30,589

59,800

90,560

Orbital
Velocity (km/s)

47.4

35.0

29.8

24.1

13.1

9.7

6.8

5.4

4.7

1. Look at the data table above. What patterns do you notice in the data?

2. Write out Newton’s 2nd Law for the Earth orbiting the sun. Substitute in the equations for
Gravitation force and the centripetal acceleration. Simplify the equation, and solve the
equation for velocity in terms of G, mass, and radius. Compare the result to the patterns you
identified in the table.

3. Find the gravitational force between the Earth and the Sun.

4. Use the equation you found in #2 to find the speed of the Earth around the Sun. Check your
answer against the chart above.

5. Use the speed to find the period of the Earth. The period is the time that it takes the Earth to
travel around the sun.

6. Convert the period that you found above into days. How does this compare to the actual
period of the Earth? (Check the chart. But, also, you should know.)
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Part 3: Testing the Model
In the last part, we found a way to predict the period of a planets orbit using Newton’s Law of
Universal Gravitation and the principle of uniform circular motion. We’re going to test that
model now for Mercury, which has the most elliptical orbit of all the planets. You can find the
relevant data in the table above.
1. Assuming a circular orbit, calculate the velocity of Mercury using the average distance from
the Sun.

2. Calculate the period of Mercury’s orbit in days, and compare to the data in the table.

3. Does the uniform circular motion model work for Mercury? Use your data and calculations
to justify why or why not.

4. What are the assumptions made in the uniform circular motion model?

5. Are there any objects in the solar system that we can’t apply the assumption of uniform
circular motion?
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Tutorial: Determining the Mass of a Galaxy3
Galaxies are a popular field of study in astrophysics. Determining the mass of a galaxy is tricky
because it is so far away. In this tutorial, we will explore one way to determine the mass of
galaxies called the orbital method, which utilizes Newton’s Law of Universal Gravitation.
We are considering the case of a star (let’s call it Alpha) near the edge of a spiral galaxy called
Triangulum, orbiting around the dense galactic core. The vast majority of the stars in the galaxy
are inside Alpha’s orbit. We want to find an expression that will let us calculate the mass of the
all the stars that are inside the orbit of Alpha, given that we know the orbital speed of the star
Alpha and its distance from the center of the galaxy.
To do this we will build a model based on 2 assumptions:
•

That the star Alpha is undergoing uniform circular motion.

•

The other stars in the galaxy are nearly symmetrically spread out, so we can treat the mass of
those stars as acting like an object with a mass equal to their total mass, located at the center
of Alpha’s orbit.

Part 1: The Orbital Method
1. First write an algebraic expression for the gravitational force on Alpha, in terms of ms (the
mass of the star), mg (the mass of the galaxy), G, and rs (the distance from the star to the
galactic center).

2. Write an expression for the centripetal acceleration of the star due to the gravitational force.

3. Assuming uniform circular motion, write an expression for mg, in terms of G, rs, vs (the
tangential speed of the star).

3

Adapted from an activity in The Mystery of Dark Matter produced by the Perimeter Institute for Theoretical
Physics.
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4. We can use this expression to calculate the mass contained in the galaxy Triangulum. The
speed of the star Alpha in the Triangulum galaxy has been determined by astronomical
observation to be 123,000 m/s and its distance from galactic center is 4 × 1020 m. Use
these values to determine the total mass of the galaxy.

5. If the mass of the sun is 2 × 1030 kg, how many suns would have the same mass as the
galaxy Triangulum?

Part 2: The Brightness Method
Another method exists to determine the mass of a galaxy called the brightness method. This
method uses optical telescopes to measure the brightness of stars in the galaxy. Based on the
color and brightness of the stars, the astrophysicists can determine the class of the stars in the
galaxy. Based on average masses for different types of stars, they can determine the total mass of
the visible matter (stars) in the galaxy.
6. The mass of Triangulum is estimated from the brightness method to be about 1010 solar
masses. How does this compare to your calculation from above? What could explain the
discrepancy?

7. Astronomers have analyzed the stars in the galaxy UGC 11748. They can see that most of the
stars lie within a radius r = 1.64 × 1020 m. Using the brightness method, they calculate that the
total mass of the stars is 1.54 × 1041 kg, or 77.4 billion times the mass of the Sun.
The table at right shows the radii of various stars
that orbit the outer edge of this galaxy. Assuming
that the mass of the galaxy calculated above is
correct, and is contained within the radii of all these
stars, calculate the expected speed of each star.

Orbital
radius of star
(× 1020 m)
1.85

Expected speed
(× 105 m/s)

2.75
3.18
4.26
6.48

Orbital Mechanics: Student Reader

27

8. The table below shows the data for how quickly the stars are actually moving. How does this
compare to your calculations above? What could account for the difference?
Orbital radius of
star (× 1020 m)

Measured speed
(× 105 m/s)

1.85

2.47

2.75

2.40

3.18

2.37

4.26

2.25

6.48

2.47

Physicists do not yet have a good explanation for this discrepancy. Data such as this has led
astrophysicists to develop a theory of dark matter. Dark matter is mysterious. We don’t yet
know what it is, only that it has mass but doesn’t give off light (that’s why it’s called dark
matter) and it seems to clump together in galaxies throughout the universe. We only know of its
existence because we observe normal matter that appears to be interacting gravitationally with
something unseen. This hypothesis is based on the fact that we trust our mathematical models
about gravitation to be correct.
9. Using the last row in the table, calculate how much total mass is in the galaxy using the
gravitational method. What fraction of the total mass is visible matter?

10. What assumptions does the dark matter hypothesis make about Newton’s Law of Gravity?

11. Are there any other possible explanations for the discrepancies in this data?
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Reading: Kepler’s Laws
In the previous reading, we used the Copernican model of planets traveling in perfect
circles to understand some basics of orbital mechanics. However, the Copernican model was not
great at making accurate predictions about the locations of celestial objects in the sky. This did
not go unnoticed by astronomers and natural philosophers during the early days of the Scientific
Revolution. John Gribbin explains in his book The Scientists:
In August 1563, for example, a conjunction of Jupiter and Saturn took place – a rare astronomical
event in which the planets are so close together on the sky, they seem to merge. This has great
significance for astrologers, had been widely predicted, and was eagerly anticipated. But while
the actual event occurred on 24 August, one set of tables was a whole month late in its prediction
and even the best was several days in error.4 (p. 36)

Tycho Brahe & Johannes Kepler
Natural philosophers in the late 16th century had become very good at making precise
observations of celestial objects. In particular, a Danish aristocrat named Tycho Brahe (15461601) took on the task. As Gribbin explains,
At the age of 16, Tycho’s mission in life was already clear to him. The only way to produce
correct tables of the motions of the planets was by a prolonged series of observations, not (as
Copernicus had) by taking the odd observation every now and then and adding them more or less
willy-nilly to the observations of the Ancients. (p.36)

To make his observations, Brahe built a private observatory in his castle on his private island
where a giant sextant allowed him to measure the position of planets and other celestial objects.
His data were twice as precise as anyone who came before him. In 1572, Brahe observed the first
modern record of a supernova. (Supernova literally means “new star” in Latin. Brahe coined this
phrase.) This blew people’s minds because the heavens were supposed to be perfect and
unchanging. How could a new star just appear? In case there was any doubt about the
permanence of the heavens, Brahe later observed a comet passing through the solar system.
The supernova and comet discoveries were just the beginning of Brahe’s contributions to
astronomy. Brahe was a brilliant observer, but he was not a mathematician. In 1600, just 18
months before he died, he hired Johannes Kepler (1571-1630) as an assistant. Kepler poured over
Brahe’s data for the next twenty years, looking for patterns that could be used to develop a new
model for the solar system.
Both Kepler and Brahe liked the simplicity of the Copernican model, but knew based on
their data and observations, that it wasn’t quite right. To understand their new models, we must
remember that they lived in an interesting era, with one foot moving towards modern science and
mathematical models based on data, and the other foot in the middle ages, a world of astrology,
numerology, and strong religious beliefs. To them, this was not a contradiction; it was simply the
worldview at the time. The chapter in Gribbin’s book on Kepler and Brahe is called “The Last
Mystics.”

4

Gribbin, J. (2002). The Scientists: A History of Science Told through the Lives of its Greatest Inventors. Random
House: New York.
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Brahe, following the prevailing belief at the time, placed
the Earth at the center of the solar system. He called the Earth
moving a ‘physical absurdity.’ However, he was also compelled by
Galileo’s data and believed that the planets must orbit about the
sun. His model is the compromise model – all of the planets,
except the Earth and the Moon, orbit around the sun. Then, the sun
and all of the other planets then orbit around the Earth (Figure 1).
His model did not agree well with his data, but this did not bother
Brahe because it made intuitive sense to him.
This represents a key question in the history and philosophy
of science – do our scientific models have to accurately represent
the world, or are they simply tools that we use to make predictions?
There are three aspects to this problem: the data and observations,
the explanatory model, and the actual physical universe. Today, we
Figure 1: A diagram of Brahe’s heliojudge scientific models by how well these three aspects agree with
geocentric model. (Image credit:
each other. However, to many natural philosophers in the 16th
Wikipedia)
century, this was not the case. Brahe believed, without
contradiction, that the data and observations should be used to make predictions while his
explanatory model illuminated how the world is organized. This was also the belief held by
Copernicus. He knew that his heliocentric model didn’t match the data, but it made better sense
to him from a mathematical and aesthetic perspective.
Kepler had his own interesting model of the solar
system, as shown in Figure 2. Kepler was all about
finding patterns in data. One puzzle at the time was why
there were five planets (Mercury, Venus, Mars, Jupiter,
Saturn) in addition to the Earth. Based on the data he had
available at the time, Kepler discovered that the orbits of
the planets could be circumscribed by geometric solids.
This was an exciting result because there are five
geometric solids, and one could be placed between each
planet orbiting the sun. To Kepler, the fact that the
number of planets matched up with the number of
geometric solids meant that God must have designed the
universe in that way.
In later years, after Kepler had a chance to work
with Brahe’s data, he became increasingly dissatisfied
with his model. He eventually abandoned it in favor of
Figure 2: Kepler’s model of the solar system
mathematical relationships based on the more precise
from his 1596 text Mysterium
Cosmographicum (Image credit: Wikipedia)
data that he had available. In particular, he studied the
positions of the planets in the sky on different dates.
Predicting the orbit of Mars was particularly troublesome because it appeared to move faster in
one half of its orbit than the other. He tried all sorts of tweaks to the heliocentric model,
including an offset circular orbit in which the sun was closer to Mars in one part of the orbit than
the other. Gribbin explains one truly remarkable breakthrough: “Kepler made the now seemingly
obvious, but then highly significant, step of carrying out some of his calculations from the
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perspective of an observer on Mars, looking at the Earth’s orbit – a huge conceptual leap which
presages the idea that all motion is relative” (p. 61). This led to the creation of Kepler’s 2nd Law,
followed soon after by the 1st Law. (They were numbered by later scholars; the numbers were
not based on chronological order.)
Today, Kepler is well known for three laws, which
we explore in more detail below:
1. All planets move in elliptical orbits.
2. Planets move faster the closer they are to the sun.
3. For all the planets, the radius of the orbit cubed
over the period of the orbit square is a constant.
Figure 3: An ellipse. For planetary
Keep in mind that Kepler discovered these laws strictly
orbits, the sun is at one of the foci.
based on finding patterns in the data. He did not have an
explanatory model for why these behaviors occurred. It took a while for Kepler’s ideas to be
accepted, “Only a skilled mathematician could appreciate that Kepler’s model was not just
another piece of mystical thinking… but was securely founded on observational fact” (Gribbin,
p. 62). It wasn’t until later scientists, such as Newton, were able to use Kepler’s analysis to
provide support for their theories that Kepler’s ideas were finally accepted by the scientific
community.

Kepler’s 1st Law
Kepler’s first law is that the orbits of the planets take the shape of ellipses, with the Sun
at one of the foci. This was a truly radical statement in the early 17th century. Not even Galileo
was willing to let go of the fact that orbits were perfect circles. The common worldview at the
time was that God created the world, and the geometries on which it was built should be the
perfect shapes. This was a big step for Kepler, the man who previously proposed the planets’
orbits are determined by geometric solids!
MERCURY

VENUS

EARTH

MARS

JUPITER

SATURN

URANUS

NEPTUNE

PLUTO

Mass (1024kg)

0.330

4.87

5.97

0.642

1898

568

86.8

102

0.0146

Average Distance
from Sun (106 km)

57.9

108.2

149.6

227.9

778.6

1433.5

2872.5

4495.1

5906.4

Perihelion (106 km)

46.0

107.5

147.1

206.6

740.5

1352.6

2741.3

4444.5

4436.8

Aphelion (106 km)

69.8

108.9

152.1

249.2

816.6

1514.5

3003.6

4545.7

7375.9

Orbital
Period (days)

88.0

224.7

365.2

687.0

4331

10,747

30,589

59,800

90,560

Orbital
Velocity (km/s)

47.4

35.0

29.8

24.1

13.1

9.7

6.8

5.4

4.7

Orbital Eccentricity

0.205

0.007

0.017

0.094

0.049

0.057

0.046

0.011

0.244

Table 1: Data about the orbits for each of the planets. (NASA)
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Table 1 shows data for the orbits of each of the planets. When we use the approximation
that planets travel in circular orbits around the sun, we use the average distance from the sun.
The perihelion is the distance of closest approach to the sun. The aphelion is the farthest each
planet is from the sun during their orbits. You can see from these numbers that some planet’s
orbits are more elliptical than others. The eccentricity of the orbit is a measure of how elliptical
the shape is. The closer the value is to zero, the closer the orbit is to being circular.
Interestingly, mathematical models based on an elliptical orbit is can make the same
predictions as those based on an epicycle orbit, as suggested by Ptolemy. The path of the orbit
depends on the size of the epicycle and the speed that the planet moves through the epicycle.
Under the right conditions, the path of the orbit ends up being an ellipse rather than a spirograph
pattern. So it turns out that Kepler’s 1st Law is an update to Ptolemy’s model. He was describing
the same system, but in simpler geometric terms!

Kepler’s 2nd Law
Kepler’s second law describes the speed at which planets move around the sun. This law
is dependent on the first. If the planets travel in an elliptical orbit, then they are not always a
uniform distance from the sun. He observed that planets move faster when they are closer to the
sun.
Because of this, he found that when a planet travels in an orbit, an imaginary line
connecting the planet and the Sun continually sweeps out the same area during the same time
interval regardless of the planet’s location in orbit, as shown in Figure 4.

Figure 4: Kepler’s 2nd Law of Equal Areas. (Image Credit: StackExchange)

Mathematically, we can represent this as:
Δ𝐴1 Δ𝐴2
=
Δ𝑡
Δ𝑡
In the tutorial, we’ll explore how this law is related to the fundamental physics principle of
conservation of angular momentum.

Kepler’s 3rd Law
Kepler’s third law is perhaps the most impressive feat in pattern recognition. He tried all
different ways of combining the period of a planet’s orbit with its radius. Eventually he found
that the square of the period of the planet’s motion divided by the cube of the semi-major axis is
always the same constant. (For orbits that are nearly circular, we can substitute the radius for the
semi-major axis.) Mathematically, this represented as:
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𝑇2
= constant
𝑟3
Where T is the orbital period and r is the radius of the orbit.
One of the most amazing things about Newton’s Law of Universal Gravitation was that it
could explain this strange relationship that Kepler had discovered. Let’s start with Newton’s 2nd
Law applied to the centripetal direction of an object moving in uniform circular motion:
Σ𝐹𝑐 = 𝑚𝑎𝑐
If the circular motion caused by an orbit is generated by the gravitational forces between the
objects, then we can substitute in the expression for the force of gravity:
𝐹𝑔 = 𝑚𝑎𝑐
𝑚1 𝑚2 𝑚1 𝑣 2
=
𝑟2
𝑟
Where we have also substituted in the definition of centripetal acceleration. The expression can
be simplified:
𝑚𝑠𝑢𝑛
𝐺
= 𝑣2
𝑟
The relationship that Kepler found included the period of the orbit. We can put this into
the expression by substituting distance travelled (i.e. the circumference of the circle) over time
(period of one orbit) for velocity:
𝐺

𝑣=

2𝜋𝑟
𝑇

𝑚𝑠𝑢𝑛
2𝜋𝑟 2
𝐺
=(
)
𝑟
𝑇
This expression can be rearranged so that we can more easily compare with Kepler’s 3rd Law:
𝑇2
4𝜋 2
=
= constant
𝑟 3 𝐺𝑚𝑠𝑢𝑛
Which the expression that Kepler predicted! This was significant evidence that Newton’s Law of
Universal Gravitation was consistent with experimental data.
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Reading: Rotational Motion
Objects that are moving in circles or ellipses, such as planets orbiting the sun, undergo
what we call rotational motion. The principles of rotational motion can be applied to solid
objects rotating on their axis, objects rotating about a pivot point, and to objects orbiting around
a central point. In our study of orbital mechanics, we will mostly be applying rotational motion
of an object (e.g. a planet) orbiting a central point (the sun).

Angular Acceleration
Kepler’s Laws tell us that the planets are moving in elliptical orbits. One consequence of
this is that the planets are changing their orbital speed as they travel through their orbit, which
means there must be an acceleration in the tangential direction. Note that this is different from
the centripetal acceleration that point in towards the sun. The tangential acceleration is tangent
to the circle, pointing with the velocity vector when the planet speeds up and antiparallel when
the velocity slows down.
Recall that our most basic definition for acceleration is a change in velocity over time:
𝑎Ԧ =

⃑⃑⃑⃑⃑Ԧ
∆𝑣

(1)

∆𝑡

We can similarly define angular acceleration to be:
𝛼=

Δ𝜔

(2)

Δ𝑡

Where ω is the angular velocity. Angular acceleration (𝛼) is measured in units of radians per
second-squared (rad/s2).
We can substitute in the relationship between velocity and angular velocity (𝑣 = 𝑟𝜔)
into equations (1) to find a relationship between linear and tangential acceleration:
Δ𝜔
Δ𝑡
𝑎𝑡 = 𝑟𝛼
𝑎=𝑟

(3)

Where 𝑎𝑡 is the tangential acceleration, r is the radius, and 𝛼 is the angular acceleration.

Rotational Kinematics
When objects have a constant angular acceleration we can apply kinematics equations,
just as we did for linear motion. We won’t take the time to derive them here, but the method is
similar to what we did for linear kinematics.
𝜔𝑓 = 𝜔𝑖 + 𝛼Δ𝑡
1
Δ𝜃 = 𝜔𝑖 𝑡 + 𝛼Δ𝑡 2
2
2
2
𝜔𝑓 = 𝜔𝑖 + 2𝛼Δ𝑡
Where ω is the angular velocity, 𝛼 is the angular acceleration, Δ𝜃 is the change in angular
position, and Δ𝑡 is time.
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Moment of Inertia
Moment of inertia is the rotational equivalent of mass and represents an object’s
resistance to motion. For a particle (planet) orbiting around a fixed point (i.e. the sun), moment
of inertia is defined as:
𝐼 = 𝑚𝑟 2

(4)

Where m is the mass of the orbiting object and r is the distance from the fixed point to the object.
The units for moment of inertia are kg-m2.
Note that the moment of inertia for a spinning sphere (or any other solid shape) is
different from the moment of inertia for an orbiting object. For our study of orbital mechanics,
we will assume that the planet is a point particle orbiting the sun.

Torque
An object undergoing angular acceleration must be experiencing a torque. A torque is a
force applied that causes an object to rotate. Previously, we applied this principle to rigid, static
objects like beams and bridges. Torque can also be applied to a mass that is orbiting through
space. In this system, we consider the possibility that a planet may be experiencing a torque as it
rotates around the sun. A torque is defined as a force applied at a distance from a pivot point:
𝜏⃑ = 𝑟⃑ × 𝐹⃑

(5)

Where 𝜏 is the torque, r is the distance to the pivot point (or point that the object is orbiting
around), and F is the applied force, which in this case is the gravitational force. The cross
product indicated that the force must be perpendicular to the distance to contribute to the torque.
For planetary orbits, these two quantities will always be perpendicular. Torque is measured in in
units of Newton-meters (Nm).

Angular Momentum
Angular momentum is the rotational equivalent of linear momentum and can be define
in an analogous way:
𝑝 = 𝑚𝑣
𝐿 = 𝐼𝜔

(6)

Where L is the angular momentum, I is the moment of inertia, and 𝜔 is the angular velocity. The
units for angular momentum are kilograms-meters-squared per second (kg−m2 /s). Angular
momentum can also be written in terms of linear momentum:
⃑⃑ = 𝑟⃑ × 𝑝⃑
𝐿
Where L is the angular momentum, r is the distance from the point of rotation to the object (in
this case, the orbital radius), and p is the linear momentum (𝑝 = 𝑚𝑣). As with torque, we do not
need to worry about the cross product because the radius will always be perpendicular to the
momentum in orbital mechanics problems. In this case, we can simplify and use the magnitude
of angular momentum:
|𝐿| = 𝑟𝑝

Orbital Mechanics: Student Reader

(7)

35

The total angular momentum of two objects is conserved when they interact with each
other, in the same way that linear momentum is conserved. To understand these conservation
laws, let’s start by reviewing Newton’s 2nd Law and its relationship to momentum:
Σ𝐹 = 𝑚𝑎 =
Σ𝐹 =

𝑚𝛥𝑣
𝛥𝑡

Δ𝑝

(8)

Δ𝑡

In the last line, we have made the substitution Δ𝑝 = 𝑚Δ𝑣, which shows that a net force is equal
to a change in momentum (impulse) over time. This is essentially a statement of the Law of
Conservation of Momentum. When two objects interact, Newton’s 3rd Law states that they
exert equal and opposite forces on each other. Thus,
⃑⃑⃑⃑
⃑⃑⃑⃑2 ,
𝐹1 = −𝐹

Δ𝑝1

and

Δ𝑡

=

−Δ𝑝2
Δ𝑡

Δ𝑝1 = −Δ𝑝2

and

We can make a similar argument for rotational motion. Newton’s 2nd Law for rotational
motion is:
Σ𝜏 = 𝐼𝛼

(9)

Where Σ𝜏 represents the net torque on the system, I is the moment of inertia, and 𝛼 is the angular
acceleration, defined in equation (2) above. Now let’s take equation (9) and write it in terms of
angular speed instead of acceleration:
Σ𝜏 = 𝐼
Σ𝜏 =

Δ𝜔
Δ𝑡

Δ𝐿

(10)

Δ𝑡

Equation (10) is a statement of the Law of Conservation of Angular Momentum. If there is no
net torque on the system, then there is no change in angular momentum:
If Σ𝜏 = 0,

then

Δ𝐿 = 0

or

⃑⃑1 = 𝐿
⃑⃑2
𝐿

This conservation law is important for understanding orbital mechanics and can be used to derive
Kepler’s 2nd Law.

Rotational Kinetic Energy
Objects that are rotating or orbiting have rotational kinetic energy in addition to linear
(sometimes called translational) kinetic energy. Rotational kinetic energy is defined similarly to
translational kinetic energy:
1
𝐾𝑡 = 𝑚𝑣 2
2
1

𝐾𝑟 = 2 𝐼𝜔2

(11)

Where 𝐾𝑟 is the rotational kinetic energy, I is the moment of inertia, and 𝜔 is the angular
velocity.
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Table: Summary of Linear and Rotational Variables
Physical Quantity

Linear

Angular/Rotational

Conversion

Position

x or s (meters)

 (radians)

Δ𝑠 = 𝑟Δ𝜃

Velocity

v (m/s)

 (rad/s)

𝑣𝑡 = 𝑟𝜔

Acceleration

a (m/s2)

 (rad/s2)

𝑎𝑡 = 𝑟𝛼
𝑣2
= 𝜔2 𝑟
𝑟
𝐼 = 𝑚𝑟 2

𝑎𝑐 =
Mass/Moment of
Inertia
Kinetic Energy
Momentum
Force/Torque

M (kg)

I (kg m2)

(for point particle)

K=

1 2
mv (J)
2

K=

1 2
I (J)
2

p = mv (kg m/s)

L = I (kg m3/s)

⃑⃑ = 𝑟⃑ × 𝑝⃑
𝐿

F (Newtons)

 (Newton-meters)

𝜏⃑ = 𝑟⃑ × 𝐹⃑

F = ma

 = 

Newton’s 2nd Law
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Tutorial: Kepler’s 2nd Law
During the early days of the Scientific Revolution, the natural philosopher Johannes Kepler
looked for patterns in astronomical data collected by Tycho Brahe. He discovered that the
planets were moving in ellipses rather than circles. For some of the planets, the orbit was very
close to circular (like Earth’s orbit around the sun), but for others this correction made a
significant difference in his predictions of how the planets would move across the sky. Based on
this new model of planetary motion, Kepler was able to make better predictions about the motion
of the planets. This was important to Kepler because he earned a living casting astrological
horoscopes for important families across Europe.
Kepler wrote many astronomical laws, but today is known for just three laws:
1. Planets move in elliptical orbits.
2. Planets move faster the closer they are to the sun.
3. The square of the planet’s orbital period is proportional to the cube of the semi-major
axis in length.
Kepler discovered his laws empirically, but they later were demonstrated to be consistent with
Newton’s Laws of Motion and the Conservation of Angular Momentum.

Part 1: Equal Areas
The second law is often stated as “A line drawn between
the sun and a planet sweeps out equal area in equal time.”
What this means is that the planets travel faster if they are
closer to the sun. This is shown in the diagram below. A
planet travels the distance from A to B in the same
amount of time that it travels from E to F.
1. How does the distance from A to B compare to the
distance from E to F?

2. If it takes the planet the same amount of time to travel
the distance AB as EF, what must be true of the
Figure 1: Kepler’s 2nd Law. (Image credit: OpenText)
speed at each of these points in the orbit?

3. Let’s think about why this might be true. Compare the force of gravity between the sun and
the planet at point A to the force of gravity between the sun and the planet at point E. Which
is greater?
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4. Compare the centripetal acceleration at point A to the centripetal acceleration at point E.
Explain your reasoning.

5. Look at Table 1 in the Kepler’s Laws Reading. Which of the planets will have the greatest
difference in angular speed as it travels around the sun?

6. Which planet will have the most uniform speed as it travels around the sun?

Part 2: Angular Momentum
Kepler’s observation that the planets sweep out equal areas in equal times is effectively a
statement of the conservation of angular momentum! In this part of the tutorial, we’ll explore
how they are related.
The area of a segment of a circle (or ellipse) is given by:
1
𝑟Δ𝑠
2
If you aren’t sure where this comes from, imagine that the
wedge of the circle is a triangle with base of length r and
the height is the arc length of the segment (Δ𝑠).
Δ𝐴 =

Δ𝑠
r

The area is changing over time, we can divide both sides
by time and substitute in the definition of linear velocity:
Δ𝐴 1 Δ𝑠 1
= 𝑟
= 𝑟𝑣
Δ𝑡 2 Δ𝑡 2
1. Use the definition of linear momentum (𝑝 = 𝑚𝑣) to write the above expression for the
change in area over time in terms of linear momentum.

2. Now substitute in the definition of angular momentum (𝐿 = 𝑟𝑝), to get an expression for the
change in area over time in terms of angular momentum.

3. Kepler’s 2nd law tells us that the area does not change over time, what does this tell us about
the value for angular momentum?
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Another way to write the Conservation of Angular Momentum is in terms of the angular velocity
and moment of inertia of the system:
𝐿1 = 𝐿2
𝐼1 𝜔1 = 𝐼2 𝜔2
4. The mass of the planet remains constant as it orbits around the sun. Why does the moment of
inertia change during the orbit?

5. Mercury has a distance of closest approach (perihelion) of 4.6 × 107 km and a maximum
distance (aphelion) of 6.7 × 107 km. The mass of Mercury is 3.3 × 1023 kg. Calculate the
moment of inertia for Mercury in each of these positions.

6. The maximum orbital velocity for Mercury is 59 km/s. At which point does it have this
velocity? What is the angular velocity at this point?

7. What is the angular velocity at the other end of the orbit? What is the orbital velocity at this
point?

8. It takes Mercury 88 days to complete one orbit around the sun. At this rate, what is the
average angular acceleration between the aphelion and the perihelion?

9. Is it necessary to use the elliptical orbit model for Mercury, or is the uniform circular motion
model sufficient? Justify your position.
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Tutorial: Kepler’s 3rd Law
Part 1: Finding Patterns in the Data
For the planets that were visible during Kepler’s time, the following observational data was
collected. To make sense of this data, we’re going to make some plots in Excel and look for
patterns. Open up Excel and start by entering the data into your spreadsheet. (Think about how
lucky you are that you have Excel. Kepler had to do this work by hand!)
Average Orbital
Radius (x1010 m)

Orbital Period
(x 107 s)

Mass
(x 1024 kg)

Mercury

5.79

0.76

0.33

Venus

10.82

1.94

4.87

Earth

14.96

3.16

5.97

Mars

22.79

5.94

0.642

Jupiter

77.86

37.4

1898

Saturn

143.35

92.9

568

1. Does the orbital period depend on mass? Use the data to explain your position.

2. Does the orbital period depend on radius? Use the data to explain your position.

3. The first graph that we will make is radius vs. period. Put radius on the horizontal axis and
period on the vertical axis.
4. Find the best-fit curve for this data. Is it linear? Polynomial? Some other function? Write the
trendline equation here:

Get your best-fit line equation checked before you move on.
5. How do you interpret an exponent of 1.5?

6. How does your best fit line compare to Kepler’s 3rd Law?
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7. To make this relationship easier to see, we can make a plot in which we “linearize” the data.
That means that we will make a plot where the slope is the constant. To do this, plot 𝑟 3 on the
x-axis and 𝑇 2 on the y-axis. Include only the inner planets on your graph to make the
relationship easier to see.
Record the slope value here:

Part 2: An Explanation for Kepler’s 3rd Law
When Kepler discovered his 3rd Law, it was based on empirical data. He did not have a good
explanation for why the period was related to the radius of the orbit in this way. (In fact, he had
ideas that to our modern eyes would be considered quite strange.) Then along came Isaac
Newton with his theory of gravity, which provided a theoretical model for the same phenomena.
We will now compare Newton’s Law to Kepler’s and see how well they agree.
Helpful information:
𝐺 = 6.67 × 10−11 Nm2 /kg 2
𝑚𝑠𝑢𝑛 = 2.0 × 1030 kg
1. Set up Newton’s 2nd Law (Σ𝐹 = 𝑚𝑎) for a planet orbiting the sun. Plug in Newton’s Law of
Gravity for the force and the equation for centripetal acceleration that we used previously for
acceleration.

2. Write the velocity of the planet in terms of the period, the time that it takes the planet to go
around the sun, and the circumference of the orbit.

3. Plug your expression for velocity into your result from #1 and simplify to get an expression
that relates period to the radius of the orbit.

4. What is the constant of proportionality? (Calculate the numerical value.) How does it
compare to your result from the empirical data?

5. Is Newton’s Law consistent with Kepler’s Law? Explain using your data.
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Let’s look at how this could be applied to study satellites in orbit around the Earth. Geostationary
satellites are those in “low-Earth orbit” that complete one orbit every 24 hours. This means they
are stationary relative to one point on the surface of the Earth.
Helpful information:
𝐺 = 6.67 × 10−11 Nm2 /kg 2
𝑚𝑒𝑎𝑟𝑡ℎ = 5.9 × 1024 kg
𝑅𝑒 = 6.4 × 106 m
6. Use Kepler’s 3rd Law to determine how far these satellites are above the surface of the Earth.

7. All geostationary satellites are 35,786 km about the surface of the Earth. Compare this to the
answer you found above. Whey are they all at the same distance above the surface?

Kepler did know that the orbits of the planets were not quite circular, so when he wrote his 3rd
law, he used the “semi-major axis” instead of the radius. Think back to your geometry class (or
Google it if you can’t remember) to figure out what the semi-major axis is for an ellipse.
8. What did you plot above? How does that compare to the semi-major axis?

9. Is it a good approximation to assume circular orbits for satellites? Explain.

10. Is it a good approximation to assume circular orbits for planets? Explain.
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Reading: Energy & Momentum in Orbital
Mechanics
Momentum and energy conservation provide some new insights on how we build models to
launch satellites and rockets into space.

Satellite Launch
To plan for launching a satellite into orbit around the Earth, it is very useful to consider
the energy of the system. At launch, energy in fuel is converted into kinetic energy of the
satellite, which is converted into gravitational potential energy as the satellite moves out into
Earth orbit.
To begin, we need to revisit some ideas about gravitational potential energy and modify
them for an object that doesn’t stay near surface of the Earth. Near the surface of the Earth, we
have seen that the gravitational potential energy is given by:
𝑈𝑔 = 𝑚𝑔ℎ

(1)

Where m is the mass of the object, g is the gravitational constant on Earth, and h is the distance
above the ground. When we get far away from the surface of the Earth, the value for g changes.
To figure out how to rewrite potential energy for distances above the Earth’s surface, let’s revisit
Newton’s Law of Universal Gravitation. In general, this law states:
𝐹𝑔 = −𝐺

𝑚1 𝑚2

(2)

𝑟2

And at the surface of the Earth, we can rewrite the force of gravity, by the Earth, on an object as:
𝑚𝑒
𝐹𝑔 = −𝑚 (𝐺 2 ) = −𝑚𝑔
𝑅𝑒
The expression for gravitational potential energy near the Earth’s surface can be found by
calculating the work done by the gravitational force as an object is moved off the surface of the
Earth
𝑊 = ⃑⃑⃑⃑⃑
𝐹𝑔 ∙ Δ𝑟⃑ = 𝐹𝑔 Δℎ = −𝑚𝑔Δℎ
To find the formula for gravitational energy for something like a satellite, where the gravitational
force changes as it moves into orbit, you have to calculate the work done using equation (2). To
calculate the work done by a changing force requires calculus, but we show the result below:
𝑚

𝑊 = 𝑈𝑔 = −𝑚𝑠 (𝐺 𝑅2𝑒 ) 𝑟𝑒 = −𝐺
𝑒

𝑊 = 𝑈𝑔 = −𝐺

𝑚1 𝑚2
𝑟

𝑚𝑠 𝑚𝑒
𝑅𝑒

(3)

Where r is the distance between the two objects m1 and m2. The negative is there to confuse you.
Just kidding, the negative represents a sign convention that physicist use to make the math work
out nicely. (The escape velocity example below illustrates this point. If the gravitational potential
energy weren’t negative, then we’d get imaginary speed and that doesn’t make any physical
sense.) In physics, a negative force indicates an attraction. Because the gravitational potential
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energy is based on the attractive force of gravity, it is also negative. Let’s apply this formula to
our satellite moving into orbit around the Earth.
The total energy of a satellite is the sum of the kinetic and potential energy:
𝐸 = 𝐾 + 𝑈𝑔
1
𝑚𝑠 𝑚𝑒
𝐸 = 𝑚𝑠 𝑣 2 − 𝐺
2
𝑟
Where we have substituted in the mass of the satellite (𝑚𝑠 ) and the mass of the Earth (𝑚𝑒 ). A
satellite is considered to be bound (in a stable orbit) if the total energy is less than zero (𝐸 < 0).
If the total energy is greater than zero (𝐸 > 0), then the satellite has enough kinetic energy to
escape the Earth’s gravity.

Escape Velocity
The escape velocity is the minimum speed at which a satellite must be traveling to escape
the orbit of the Earth (or any other planet). This is the point at which the total energy of the
satellite is zero:
0=

1
𝑚𝑠 𝑚𝑒
𝑚𝑠 𝑣 2 − 𝐺
2
𝑅𝑒

1
𝑚𝑠 𝑚𝑒
𝑚𝑠 𝑣 2 = 𝐺
2
𝑅𝑒
2 𝐺𝑚𝑒

𝑣𝑒𝑠𝑐 = √

(4)

𝑅𝑒

Note that this expression for escape velocity only depends on the mass of the Earth, not the mass
of the object being launched. It will require a different amount force to accelerate different
objects to the escape velocity, but the velocity itself is the same for all satellites, rockets, etc.
Plugging in for the mass of the Earth and the radius of the Earth, the escape velocity is 11 km/s.
If we want our satellite to remain in orbit, we must make sure that the launch velocity stays
below this value.

Thrust
Thrust is the force that is applied to launch an
object into space. The thrust is accomplished by burning a
huge amount of fuel, which, if you have ever watched a
rocket launch, you can see shooting out of the back end of
the rocket. Newton’s 3rd Law tells us that this interaction
between the fuel and the rocket leads to a downward force
that the rocket puts on the fuel and an equal and opposite
upward force that the fuel exerts on the rocket.
We can think of thrust as a force applied over time,
which changes the momentum of the system. The
momentum in this situation is changing in two ways – the
velocity is increasing during liftoff, and the mass of the
rocket is decreasing as the fuel burns up and is shot out the
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𝐹 𝑓𝑢𝑒𝑙,𝑟𝑜𝑐𝑘𝑒𝑡

𝐹𝑟𝑜𝑐𝑘𝑒𝑡,𝑓𝑢𝑒𝑙
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bottom of the rocket. We can therefore write the change in momentum in terms of these two
different changes in the system:
Δ𝑝 = 𝑚Δ𝑣 + 𝑣Δ𝑚

(5)

Where Δ𝑝 is the change in linear momentum, m is the initial mass of the rocket, Δ𝑣 is the change
in velocity during liftoff, v is the velocity of the fuel exhaust, and Δ𝑚 represents the change in
mass during liftoff.
If there were an external force acting on the system, then the impulse would be Δ𝑝 =
𝐹𝑒𝑥𝑡 Δ𝑡. For simplicity, we will assume that no external forces are acting on our rocket and
therefore Δ𝑝 = 0. (Of course, this is silly because we are trying to overcome gravity! But we’ll
make this assumption for now to build a simple mathematical model.) With this assumption, the
expression simplifies to:
0 = 𝑚Δ𝑣 + 𝑣𝑒𝑥 Δ𝑚
𝑚Δ𝑣 = −𝑣𝑒𝑥 Δ𝑚
Where m is the mass of the rocket, Δ𝑣 is the change in velocity of the rocket, 𝑣𝑒𝑥 is the velocity
of the exhaust relative to the rocket, and Δ𝑚 is the change in mass of the system. Dividing both
sides by a time interval Δ𝑡, give us:
𝑚

Δ𝑣
Δ𝑚
= −𝑣𝑒𝑥
Δ𝑡
Δ𝑡

Δ𝑚

The term Δ𝑡 represents the rate at which the rocket’s engine is losing mass. If we call the
right side of this expression thrust, then we can see that this reduces to Newton’s 2nd Law:
Δ𝑣
= 𝐹𝑡ℎ𝑟𝑢𝑠𝑡
Δ𝑡
𝐹𝑡ℎ𝑟𝑢𝑠𝑡 = 𝑚𝑎

𝑚

Where we have defined the thrust to be:
𝐹𝑡ℎ𝑟𝑢𝑠𝑡 = −𝑣𝑒𝑥

Δ𝑚

(6)

Δ𝑡
Δ𝑚

Note that because the rocket is losing mass, the Δ𝑡 term will be less than zero. This means that
the thrust force is in the positive direction, in the same direction as the velocity of the rocket.
Through the magic of calculus, we can use the above arguments to determine a
relationship between the mass and the velocity of the rocket:
𝑚

𝑣𝑓 = 𝑣𝑜 + 𝑣𝑒𝑥 ln ( 𝑚0 )

(7)

Where 𝑣0 is the initial velocity of the rocket, 𝑣𝑓 is the final velocity, 𝑣𝑒𝑥 is the velocity of the
exhaust, 𝑚0 is the initial mass of the rocket, fuel, and payload, and 𝑚 is the mass at some later
point in time.
It is worth taking a minute to examine equation (7). This expression places a limit on the
𝑚
maximum speed of the rocket. The ratio 𝑚0 is largest when all of the fuel has been burned and
the mass 𝑚 is just the payload. If, for example, the original mass is 90% fuel, then 𝑚 = 0.10𝑚0
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𝑚

which means the ratio 𝑚0 = 10. We can plug this value into equation (3) to find the maximum
increase in velocity for this system:
𝑣𝑓 = 𝑣𝑜 + 𝑣𝑒𝑥 ln(10)
𝑣𝑓 − 𝑣0 = 2.3𝑣𝑒𝑥
The velocity can only increase by a little more than twice the exhaust velocity of the fuel. A
typical liquid propellant has an exhaust velocity of 2.0 km/s, which means the change in velocity
would be 4.6 km/s.
Above we saw that the escape velocity is 11 km/s. This means a rocket experiencing the
thrust calculated above would not be able to escape Earth’s gravity. Additionally, don’t forget
that we neglected the force of gravity in this model, which would mean that the actual velocity
would be even lower than what we’ve calculated here. In the tutorial, we’ll explore one way to
overcome this obstacle using multistage rockets.
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Tutorial: Rocket Launch
In this tutorial, we’ll explore the mechanics of launching a satellite into orbit around the Earth.
You’ll need some important information about the Earth to complete this tutorial:
𝐺 = 6.67 × 10−11 Nm2 /kg 2
𝑅𝑒 = 6.37 × 106 m
𝑚𝑒 = 5.97 × 1024 kg

Part 1: GPS Satellite
Satellites in the GPS system have a mass of 2000 kg when they are launched. They orbit at a
distance of 2.66 × 107 m from the center of the Earth.
1. What is the escape velocity for the satellite? How would this change if the satellite was twice
as massive?

2. If the satellite is launched from the earth’s surface into orbit, what is the change in its
gravitational potential energy?

3. If the orbit is circular, what is the speed of the satellite in its orbit?

4. What is the total change in the energy of the satellite, from before launch to stable orbit?

5. If the fuel that is used to launch the satellite has an energy density of 4.0 x 107 J per kg, how
many kilograms of fuel would be needed to get the satellite into orbit?
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Part 2: Saturn V Rocket
1. In the early stages of the Saturn V rocket’s launch, mass was ejected at a rate of 15,000 kg/s,
with a speed of 𝑣𝑒𝑥 = 2500 m/s relative to the rocket. What was the thrust on the rocket?

2. Compare the thrust force to the rocket’s initial weight. The initial mass of the rocket was
3.0 × 106 kg.

3. The payload of Saturn V was only 4% of its total mass. The remainder was fuel that was used
during launch (including fuel tanks that are released after launch). If all of this fuel was
burned at once, what would be the final velocity of the rocket? Assume that it launched from
rest.

Often, rockets have multistage fuel burns. For example, the Saturn V had three stages, as shown
in the table below. Each stage burned the available fuel and then jettisoned the fuel tank.
Thrust
𝑣𝑒𝑥
Dry weight of
fuel tank
Total mass when
fully fueled
Burn time

Stage 1
3.3 × 107 𝑁
2.58 × 103 m/s

Stage 2
4.4 × 106 𝑁
4.13 × 103 m/s

Stage 3
4.4 × 106 𝑁
4.13 × 103 m/s

130,000 kg

40,100 kg

13,500 kg

2,290,000 kg

500,000 kg

123,000 kg

168 seconds

360 seconds

2.5 min (orbit insertion)
6 min (trans lunar injection)

4. Using the data in the table, calculate the velocity of the rocket after the first stage burn.
Assume that the fuel tanks were jettisoned after the burn. What would be the final velocity
under these conditions? Assume the rocket is launched from rest.
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5. Now, a few seconds later, the second stage burns and jettisons the fuel tank. What is the final
velocity of the rocket now? (Hint: is the rocket starting from rest?)

6. What is the advantage of multistage rockets?

7. The first stage burn in the real Saturn V launch resulted in a velocity of 2300 m/s. How does
this compare to the value to calculated above? What could account for the difference?
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Tutorial: Halley’s Comet
Comets are objects that pass through our solar system periodically. When a comet enters the
solar system, it speeds up due to the gravitational force from the sun. The closer it gets to the
sun, the more it accelerates. Whether or not the comet is captured in an orbit around the sun or
continues on its journey through space depends on how fast it is traveling.

Part 1: Energy
For a comet (or any object) orbiting the sun, we can write a conservation of energy expression:
1

1

𝐸 = 2 𝑚𝑣 2 + 2 𝐼𝜔2 −

𝐺(𝑚1 𝑚2 )

(1)

𝑟

1. The second term is the rotational kinetic energy, and is often written in terms of the angular
momentum of the object. Rewrite the rotational kinetic energy in terms of the angular
momentum, mass of the comet, and radius of the orbit.

Physicists define an “effective potential energy” term that includes the rotational kinetic energy5:
𝐿2

𝑈𝑒𝑓𝑓 = 2𝑚𝑟 2 −

𝐺(𝑚1 𝑚2 )

(3)

𝑟
1

1

2. Sketch a graph of the two terms of this expression: 𝑈(𝑟) ∝ 𝑟 2 and 𝑈(𝑟) ∝ − 𝑟
U(r)

r

3. Sketch the sum of these two functions on the graph above. Use a different color than you
used for your original sketches.
Note how there is a minimum point on this graph. This is the lowest energy state for the system
and represents the most stable position for the object. The total energy is the kinetic energy plus
the effective potential energy. This means the fate of the comet is determined by how fast the
comet is moving when it enters the solar system. If it has enough kinetic energy to overcome the
potential energy, then the comet can escape the sun’s gravity.

5

The effective potential energy is the total potential energy term in a rotating reference frame. That means we are
choosing a reference frame that is rotating at the same rate as the orbiting object.
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1

4. If the kinetic energy (𝐾 = 2 𝑚𝑣 2 ) were greater than the effective potential energy, what
would be the total energy of the system (positive, negative, zero)? Draw a horizontal line
representing this total energy on the graph.

5. At this total energy, would the orbit be stable or unstable? In other words, would the object
orbit the sun or just pass by? Explain.

1

6. If the kinetic energy (𝐾 = 2 𝑚𝑣 2 ) were less than the effective potential energy, what would
be the total energy of the system (positive, negative, zero)? Draw a horizontal line
representing this total energy on the graph.

7. At this total energy, would the orbit be stable or unstable? In other words, would the object
orbit the sun or just pass by? Explain.

Part 2: Shape of orbits
Figure 1 shows the orbits for objects with
various energies. The blue line shows an object that
has 𝐸 > 0 and is not bound to the central object.
This could represent a comet that is passing through
the solar system (The first object confirmed to be
passing through the solar system from deep space
with enough speed to escape back out was
discovered in 2017 and named ʻOumuamua’.)
With a positive total energy, there is only
one intersection with the effective potential energy
curve, which indicates a single closest distance
between the comet and the sun. An orbit with an
eccentricity less than one (𝜖 < 1) corresponds to the
geometric shape of a hyperbola (shown in blue). An
eccentricity of exactly one (𝜖 = 1) represents a
parabola (shown in green).
On the other hand, if the comet does not have
enough kinetic energy initially, it will be captured
into orbit around the sun. The orbit of an object with
𝐸 ≤ 0 is in a stable orbit around the sun. An
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Figure 1: Kepler Orbits. The blue is a
hyperbolic orbit (𝜖 < 1), green is a parabla
(𝜖 = 1), and red is an ellipse (0 < 𝜖 < 1).
(Image credit: Wikipedia)
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elliptical orbit has an eccentricity between zero and one (0 < 𝜖 < 1) (shown in red). Comets that
are captured by the sun typically have highly elliptical orbits.
For example, Halley’s comet passes near the Earth approximately once every 75 years.
The first recorded observation was in 240 BCE. It is predicted to next appear in 2061. The
aphelion of the orbit is 35 AU. The perihelion is 0.586 AU. (AU stands for astronomical unit.
1 AU = 1.5 × 108 km and is the mean distance from the Earth to the Sun.) The comet has a mass
of 2.2 × 1014 kg and an average radius of 11 km. The eccentricity of the orbit is 0.967.
1. At closest approach, Halley’s comet reached a velocity of 55 km/s. At this point in its orbit,
calculate the comet’s angular momentum.

2. Use conservation of angular momentum to find the speed of the comet at the aphelion.

3. Calculate the kinetic energy of the comet at the perihelion.

4. Calculate the gravitational potential energy at the perihelion.

5. Compare the kinetic and potential energy at this point. Is the orbit bound or unbound?

6. The period of Halley’s comment ranges from 74-79 years. What might account for this
difference? (Hint: what is not included in our model?)
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Tutorial: Changing Orbits
Part 1: Thrust Factor
To launch a satellite or rocket into space or to change an orbit, a thrust is applied that adds
energy and momentum to the ship. Aerospace engineers calculate when exactly to administer the
thrust so that the ship goes where they want it to. The thrust factor 𝜆 is defined as:
𝑣𝑓
𝜆=
𝑣𝑖
Where 𝑣𝑖 is the initial speed of the rocket and 𝑣𝑓 is the final speed after the thrust.
1. The thrust is typically achieved by burning fuel to propel the ship forward. If you have ever
seen a rocket launch, you know that the fuel burns up and is released from the back end of
the rocket. How does this propel the ship forward? What fundamental law of physics
explains this effect?

2. In what direction is the change in velocity Δ𝑣⃑ if we want the ship to move to a larger orbit? Is
it in the same direction as the initial velocity or against it? Explain.

3. If we want the ship to move into a smaller orbit, will the thrust factor 𝜆 be greater or less than
one? Does this correspond to a forward thrust or a backward thrust? Explain.

4. How could you write the thrust factor in terms of the initial and final angular momentum of
the ship?

The thrust factor is related to the eccentricity of the current orbit and the eccentricity of
the desired orbit. This relationship is derived from conservation of angular momentum. You
don’t see that quantity appear in the final equation, but it is embedded in the 𝜆 term. There are
two versions of this expression, depending on whether the thrust is applied at the apogee (farthest
point) or perigee (closest point) in the elliptical orbit:
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Perigee:

𝜖2 = 𝜆2 𝜖1 + (𝜆2 − 1)

Apogee:

𝜖2 = 𝜆2 𝜖1 − (𝜆2 − 1)
Orbital Mechanics: Student Reader

In these expressions, 𝜖1 is the eccentricity of the
initial orbit and 𝜖2 is the eccentricity of the desired orbit.
The eccentricity can be calculated based on the geometry of
the ellipse:
𝑎−𝑏
𝑎+𝑏
Where a is the apogee and b is the perigee. For a circular
orbit, the eccentricity is zero (𝜖 = 0).
𝜖=

A typical maneuver is to move a satellite from a
circular orbit to a circular orbit with a larger radius, as
shown in Figure 1. In the figure, you can see that between
the two circular orbits is an elliptical orbit (shown in
yellow). The first thrust (Δ𝑣) moves the ship from the
circular orbit 1 (green) to the elliptical orbit 2 (yellow). A
second thrust (Δ𝑣 ′ ) moves the orbit into the new circular
orbit 3 (red).

Figure 1: Orbital Maneuver. (Image
credit: Wikipedia)

Part 2: GPS Satellite
Let’s look at an example: A GPS satellite is stationed at a distance of 25,000 km from the center
of the Earth. Unfortunately, it has been damaged and needs to move to the “graveyard zone,”
which is at a distance of 42,000 km from the center of the Earth. A GPS satellite weighs
approximately 2,000 kg when it is launched from Earth and 1,000 kg when it is in orbit.
𝐺 = 6.67 × 10−11 Nm2 /kg 2
𝑅𝑒 = 6.37 × 106 m
𝑚𝑒 = 5.97 × 1024 kg
1. Calculate the orbital velocity (𝑣1 ) of the GPS satellite in its initial orbit.

2. What is the eccentricity of the elliptical orbit that can move this satellite to the graveyard
zone? What are the eccentricities of the green and red orbits?

3. Calculate the thrust factor 𝜆 for the maneuver from orbit 1 to orbit 2.
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4. What is the velocity of the GPS satellite in its new orbit (𝑣2 )?

5. The satellite is now in an elliptical orbit, which means its velocity will change as it moves
from the perigee to the apogee. Use conservation of angular momentum to determine the
velocity of the satellite at the apogee (𝑣2′ ).

6. At this point, we can now apply a second thrust to maneuver the satellite into its final orbit.
Calculate the thrust factor 𝜆 for the maneuver from orbit 2 to orbit 3.

7. What is the final velocity of the satellite in this orbit?

8. How does the final velocity in orbit 3 compare to the initial velocity in orbit 1? Based on
what you know about orbital mechanics, does this answer make sense?

9. How would this problem change if we wanted to move the GPS satellite from the graveyard
back into operation closer to Earth?
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Case Study: Rosetta Mission & Philae’s Descent
The Rosetta mission was the first attempt to land a spacecraft on a comet as it passed through our
solar system. This presents an interesting application of the orbital mechanics we have been
studying in this unit. The following questions are based on an article that appeared in The
Physics Teacher.
•

Blanco, P. (2015). Rosetta Mission’s “7 Hours of Terror” and Philae’s Descent. The
Physics Teacher, 53, September 2015, p. 339-340.

1. What assumptions is the author making in building this simplified model of Philae’s descent?

2. What problem might you anticipate with these assumptions?

3. Derive equation (2) based on energy conservation.

4. If the Philae lander were dropped from rest (𝑣0 = 0), what would be the impact velocity?
How does this compare to the escape velocity? What problems might this cause?

5. Use Kepler’s 3rd Law to calculate the period of Philae if it were to orbit comet 67P with an
𝑟
elliptical orbit that has a semi-major axis 𝑎 = 20 .
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6. If the lander takes half that period to reach the comet, what would be time of descent?

7. How does this compare to the reported time of seven hours? What could be wrong with this
model?

8. The reported impact velocity was -1.0 m/s. Given this, use conservation of energy to
calculate the initial velocity. (I know the value is given in the paper, but still calculate it.)

9. What descent time does this correspond to if we assume constant acceleration? (Again, I
want you to calculate it.)

10. The paper states that this is a lower limit on our estimate of the descent time. Why is this
true? (What’s wrong with our original assumption?)

11. How does the numerical model given in equation (3) account for the acceleration?

12. What is the time predicted by the numerical model? How does it compare to the reported
time of descent?
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After the original article was published, the author wrote an additional piece that addressed some
of the assumptions he made in the original article. The biggest correction to his model was to
include angular momentum. The angular momentum term accounted for the fact that the comet
was irregularly shaped and was rotating as the Philae lander was attempting to land. The figure
below is from the author’s supplemental documentation that accompanied his published paper.

13. Look at Figure 1 (above). What are the limits of the simple spherical model (no angular
momentum, only radial velocity)? What is the benefit of adding angular momentum into the
calculation? At what region does the angular momentum really need to be included?

14. Look at Figure 2. How does the radius predicted by the simple model compare to the actual
radius of the orbit?
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15. Look at Figure 3. This graph is showing the value of two constants, h and 𝜀 that represent the
total angular momentum and energy in the system. Are energy and angular momentum
conserved during the descent (or some part of the descent)? How can you explain this
observation?
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Reading: Euler’s Method
The orbital mechanics of sending satellites and rockets into space is even more
complicated than the examples we have just looked at. One big problem is that as the rocket is
launched into space, the gravitational force on the rocket (not to mention the mass) is constantly
changing. For every moment in time, the force acting on the rocket is different. This means the
acceleration, velocity, and angular momentum are also constantly changing. Adding in the
gravitational force of other objects in the solar system, such as the Moon and the Sun, the
rotation of the Earth, and the fact that the Earth is not quite spherical can further complicate the
equations necessary to determine the net force on the rocket.
For an object that experiences a constant force, such as a dropped ball on the surface of
Earth, calculating the acceleration is a straightforward application of Newton’s 2nd Law. From
there, we can use kinematics to write an expression for how the position changes with time. For
example, for the dropped ball, we can write:
Σ𝐹 = 𝑚𝑎 → −𝐹𝑔 = 𝑚𝑎
1

𝑥(𝑡) = 𝑥𝑜 + 𝑣𝑜 𝑡 + 2 𝑎𝑡 2
1

𝐹𝑔

𝑥(𝑡) = 𝑥𝑜 + 𝑣𝑜 𝑡 + 2 (− 𝑚 ) 𝑡 2

𝑣(𝑡) = 𝑣𝑜 + 𝑎𝑡
𝐹𝑔

𝑣(𝑡) = 𝑣0 + (− 𝑚 ) 𝑡

The equation for position as a function of time is called the equation of motion, which describes
the trajectory of the object. For non-constant forces, we can again use Newton’s 2nd Law, but
now the force, the acceleration, and sometimes the mass depends on time. These equations are
called differential equations and need to be solved using calculus to find the equation of
motion.
Some simple differential equations can be solved analytically. However, many
applications of physics, including orbital mechanics, generate such complex equations that we
can’t solve them exactly. Despite this complexity, we can always calculate the force acting on
the rocket at any instant in time. Plotting the entire trajectory of a rocket launch requires this
calculation to be done over and over again for all times in the orbit.
In the early days of the space program, this work was done primarily by women at NASA
(National Aeronautics and Space Administration) and its predecessor organization NACA
(National Advisory Committee on Aeronautics). These teams of women were called computers
because they spent all day doing computations. For female mathematicians in the 1950’s, this
provided a rare opportunity for them to use their skills professionally, and so many talented
women were attracted to the program. During the Second World War, NACA exhausted their
supply of white women and began hiring teams of African-American computers.6
One of the African-American women who worked as a computer in the 1950’s was
Katherine Johnson. One of Johnson’s many contributions to the early space program was to
figure out how to solve the complex differential equations required to compute the orbital
trajectories, and make sure that the satellites returned to Earth in exactly the right place. She re6

The movie Hidden Figures profiles several of these African-American women who worked at NASA. The movie
is based on the book Hidden Figures by Margot Lee Shutterly.
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discovered a method that had first been proposed by Leonhard Euler, a Swiss mathematician
who lived in the 1700’s. Her paper on the subject, “Determination of Azimuthal Angle at
Burnout for Placing a Satellite Over a Selected Earth Position” was the first published research
report by a woman in NASA in 1960.
Euler’s method breaks a continuous curve up
into a series of short, straight line segments (Figure 1).
When applied to orbital mechanics, this means that we
assume the force is constant over a short time interval.
For that time interval, we can compute the change in the
position, velocity, and acceleration of the rocket. Then
we use the new values of position, velocity, and
acceleration as the starting values for the next
calculation. Euler’s method becomes more correct when
you use smaller and smaller time intervals, which means
the points you compute become closer and closer
together, approximating a smooth curve.

Figure 1: Euler’s Method (Image credit: Wikipedia)

If we applied Euler’s method to a dropped ball, we would get a series of equations for
position and velocity for each point in time:
1

𝐹𝑔

1

𝐹𝑔

1

𝐹𝑔

2

𝑚

𝑥1 = 𝑥𝑜 + 𝑣𝑜 Δ𝑡 + 2 (− 𝑚 ) (Δ𝑡)2
𝑥2 = 𝑥1 + 𝑣1 Δ𝑡 + 2 (− 𝑚 ) (Δ𝑡)2
𝑥3 = 𝑥2 + 𝑣2 Δ𝑡 + (− ) (Δ𝑡)2

𝐹𝑔

𝑣1 = 𝑣0 + (− 𝑚 ) Δ𝑡
𝐹𝑔

𝑣2 = 𝑣1 + (− 𝑚 ) Δ𝑡
𝐹𝑔

𝑣3 = 𝑣1 + (− ) Δ𝑡
𝑚

To calculate a rocket’s trajectory would mean repeating the same calculations hundreds
of times, a very time consuming process. In 1958, NASA replaced the human computers with
programmable machines, the predecessor to modern day computers. Computers cannot solve
differential equations exactly, but they are very good at doing tedious calculations over and over
again, such as those required by Euler’s method. One of the first computer programmers at
NASA was an African-American women named Dorothy Vaughn. Vaughn taught herself the
new programming languages before any men were willing to learn to use the new machines. She
painstakingly converted the differential equations into FORTRAN code and fed punch cards into
the machine to complete the calculations. (Of course, when it became obvious that computers
were the way of the future, Vaughn was asked to teach the male engineers how to program the
computers.)
In these early years, mathematicians such as Katherine Johnson would check the
trajectories to ensure that there weren’t any errors. Eventually, the astronauts and engineers
learned to trust the computer programs to solve the differential equations and calculate
trajectories. To this day, many computational models are built based on Euler’s method.
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Space Mission Project
Your task is to act as a scientific team proposing a space-based mission to NASA. The proposal
will have two main components:
1. A description of the scientific purpose of the mission and the instruments needed to
accomplish that mission.
2. A description of the flight path of the mission, and the amount of fuel needed to achieve
that path.

Scientific Purpose
First, choose an object in the solar system to be the destination of the mission. Then you
will have to briefly outline the scientific knowledge you would like to gain with the mission. In
support of this, present a summary of previous scientific missions to your target. Describe how
your proposed mission will build on previous ones or generate new knowledge about your
heavenly body. Include in this section the type of instrumentation that needs to be on your space
probe (visible light camera, chemical analyzer, etc.). Will your mission orbit the target, land on
it, or both? Will it be a manned mission? What do you hope to learn from your mission?

Flight Plan
Your proposal will also include the proposed path of your mission through the solar
system. You will use a computer program (Python) running a mathematical model to find an
initial velocity for your spacecraft that will lead to its trajectory intersecting the orbit of your
target. The details of this process are included with the model. As an outline, you will choose a
target and a launch date, then, through trial and error, determine what velocity the spacecraft
needs to achieve after launch to rendezvous with your target. You should also consider whether a
different launch path would allow a better flight plan, that would allow a lower speed launch.
Finally, follow the example of the Rocket Launch tutorial to calculate how much fuel your
launch would require.

Mission Proposal
Your final task will be to prepare a report detailing your proposal for the space mission.
Your report should include all the above elements, along with a screenshot of your flight plan.
Consult the rubric for details.

The Computational Model
To complete this project, you will use a computational model in the Python programming
language. The model was constructed using the Euler method. We will not ask you to write the
program yourself, but we would like you to examine the code so that you understand what the
computer is doing. Read this section before you open the program.
This program will predict the motion of the Earth, one other solar system object of your
choice, and a spacecraft over the course of a few years. It will produce an animation of those
objects’ motion around the sun, which you can use to design a mission flight path that will
intersect your target. This will be an iterative process, where first you try a launch date and flight
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path. Then, you will modify the launch date, velocity or both and try again. Repeat until you
have a successful mission design! To do this you will need to do several things:
•

Choose a mission target, such as a planet, planetary moon, or asteroid.

•

If you choose something with a highly elliptical orbit, such as a comet, you will have to
deviate somewhat from the process below, which your instructor will help you with.

•

Choose a mission launch date. Find the position of the earth on that date.

•

Find the mass, position and speed of the target on that date. (If you choose a planetary
moon, use the position and speed of its planet).

•

View the animation and make changes to try to improve the flight path.

To use the model, you will have to add eight values into the code:
•

the x and y positions of the Earth on your date

•

the x and y positions of your target on your date

•

the mass of your target

•

the speed of your target

•

the initial x and y velocities of your spacecraft

In the Jupyter notebook (where the computer code lives), there is a link to where you can find
these values online. You will then enter the values into the code.
Let’s look at the first few lines of code:
scene1=vp.canvas()
au=1.496E11
G=6.67E-11
ms=1.99E30
me=5.97E24
massm=1000

#astronomical unit in meters
#gravitational constant (Nm2/kg2)
#mass of the sun (kg)
#mass of the earth (kg)
#mass of spacecraft (kg)

The first line is establishing that we want to make an animation using the canvas() feature of
Python. The next few lines are defining constant values that will be used in the code. Anything
with a # in front of it is a comment. Comments are used to make the code readable to a human,
but don’t mean anything to the computer.
The next few lines are establishing the position and velocity vectors for the model. In this case,
the vector is a list of the x and y-components of each parameter:
rp1i=vp.vec(Earthx*au,Earthy*au,0) #creates position vector for Earth
vp1i=vp.vec(-Earthv*rp1i.y/rp1i.mag,Earthv*rp1i.x/rp1i.mag,0) #creates velocity
vector for Earth
rp2i=vp.vec(planet2x*au,planet2y*au,0) #creates position vector for target
vp2i=vp.vec(-planet2v*rp2i.y/rp2i.mag,planet2v*rp2i.x/rp2i.mag,0) #creates
velocity vector for target
rmi=vp.vec(Earthx*au-5E9,Earthy*au+5E9,0) #creates position vector for
spacecraft
vmi=vp.vec(vp1i.x+missionvx,vp1i.y+missionvy,0) #creates velocity vector for
spacecraft
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The following code tells the animation to make the Earth, your target planet, and the spacecraft.
planet1=vp.sphere(pos=rp1i,radius=2E9,color=vp.color.blue,make_trail=True)
#creates animation object for Earth
planet2=vp.sphere(pos=rp2i,radius=2E9,color=vp.color.green,make_trail=True)
#creates animation object for target
Mission=vp.sphere(pos=rmi,radius=2E9,color=vp.color.red,make_trail=True)
#creates animation object for spacecraft
sun=vp.sphere(pos=vp.vec(0,0,0),radius=5E9,color=vp.color.yellow)#creates
animation object for Sun

The next step is important for our calculation. It defines the time interval (sometimes called the
time step) and the number of times that we will do the calculation. If the time step is 500 seconds
and we do the calculation 200,000 times, then we are calculating the trajectory over a total time
of 100,000,000 seconds, which a little over three years. If your planet is very far away and takes
longer than three years to reach, then you can either increase the number of iterations or increase
the time interval
dt=500
#sets time step for orbit calculations
N=200000 #sets number of iterations in calculation

Now the fun part! Next you will see a for loop. A for loop is a way to tell the computer to do
the same calculation N times, which N was specified above. Look carefully at this code. How do
the equations for acceleration, velocity, and position compare to what we have studied?
for i in range(0,N):
vp.rate(4000)

#starts loop to calculate positions, and update animation
#sets number of iterations per second (controls animation speed)

ap1=-G*ms*rp1i.norm()/rp1i.mag2
vp1f=vp1i+ap1*dt
rp1f=rp1i+vp1f*dt+0.5*ap1*dt**2

#Calculates acceleration for Earth
#new velocity for Earth
#new position of Earth

ap2=-G*ms*rp2i.norm()/rp2i.mag2
vp2f=vp2i+ap2*dt
rp2f=rp2i+vp2f*dt+0.5*ap2*dt**2

#Calculates acceleration for target
#new velocity for target
#new position for target

rm1=rmi-rp1i #finds distance from spacecraft to earth
rm2=rmi-rp2i #finds distance from spacecraft to target
am=-G*ms*rmi.norm()/rmi.mag2-G*me*rm1.norm()/rm1.mag2-G*massp2*rm2.norm()/rm2.mag2
#Acceleration for spacecraft
vmf=vmi+am*dt
#new velocity for spacecraft
rmf=rmi+vmf*dt+0.5*am*dt**2 #new position for spacecraft
planet1.pos=rp1f
planet2.pos=rp2f
Mission.pos=rmf
rp1i=rp1f
rp2i=rp2f
rmi=rmf
vp1i=vp1f
vp2i=vp2f
vmi=vmf

#updates Earth animation object position
#updates target animation object position
#updates spacecraft animation object position
#resets initial values for net iteration
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Space Mission Project Rubric
Criteria
Introduction
• Explain where you want to go and why you chose your target. Make an
argument for funding this project.
• Present a summary of previous scientific missions to your target. What
do we already know about this object? What is left to be explored?
Scientific Purpose
• Explain the scientific purpose of the mission. What do you hope to
learn from this mission?
• What scientific instruments will be included in this mission? What will
they measure?
• Will your mission orbit the target, land on it, or both? Will it be a
manned mission?
Flight Plan
• Successfully build a computational model that will show the trajectory
from Earth to your target.
• Include the relevant parameters (initial position, initial velocity, launch
date) and explain how you decided to use these parameters.
• Briefly explain how Euler’s method was used to build the
computational model.
• Include a screenshot of the trajectory from the model.
• Calculate the amount of fuel needed to launch the spacecraft.
Writing Mechanics
• Paper is proofread and free of grammatical and spelling errors.
• All references are cited in the text and in a bibliography.
• Equations are numbered and written on a line separate from the text.
Physics Content
• Explanations and evidence demonstrate an understanding of the
physics content.
• All physics concepts and mathematical equations are correct.
• All calculations are correct, and include appropriate units.
TOTAL
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Points Points
Earned Possible
10

15

15

5

5
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